
7.2 Inverse Transforms I Solving ODES

o Transforming derivatives and Integral
Before we approach oDE lets introduce esus that haveits derivative AND anintegral of it.
We call these intesral-diff'tl egns. Weuse the :

F(s) formula #32

? An Integral - diff. egn 2

EX y ' t
I one sola method ? diff't both sider

ddt y ' t  So goody ty  = t

+
y " + ).y/vidu +y'= 2t

F. Thm. of Calc. ? y (t)

= y  "  + +  y '  = 2 t

y " t  y '  +  y = 2 t Dure ODE
We can solve this.

I lkse Laplace Transforms and tarmula 32
(we will not cover this but you may see it

the HW)



OPure ODE's

? When we solve an OdE we will transform the entire
ODE. This means we need to know how
to handle this

1  [ y ' ] .

? Using the defini t ion, LIf1= e-s f i t)dt,

we have
1 (f'(t)} = limT ? 0 IS. -stf ' ( t ) d t - se= /t

dr f'dt
? use parts, Sudr=ur-fuda, we get :

115(4) = 656,64) - 60 eftat

= lim e

?clean up == 0*-f(0) + 51(f(+7
L [ECA] = SF(S) - f(o)

? So I  LODEL
equat ion  in  I l s ) .

w i l l  r e s u l t  i n  a n  A L G E B R A I C

I .  ? .
f o r m u l a # 3 5

1[y'] = 5I(s) - yco)

* f(T) needs to be of exponential ards: f(+<e*t
Vx>0



EXT SolveSolve y'ty=t, y (01=1 (3)

(58-y60)) +1=5"
S I - 1  + I = 5

facter  X:

( + 1 )  I  = 5 + 1
s o l v e  f a X :

algebra!

I ( s )  =
s + 1

52+1
Y ( s )  = s ' ( S t 1 )

(ici) apply the inverse transform to solve

y (E) : 1"'
55+1

Q: How do we get 52+1 into a fam
5(5+1)

where we can do an in verse transtorm,
i.e. be able read the table in reverse

* We pause practice then resume on



€ Inverse Transtamns

Practice on simple functions first.

EX I f .  F ( s )  = 19
-5+2 3 5 / Find f(t)

1'' F(5) =s+2 35-5+==
++) =191-25423-115565-807+71"451

1#2. 1#2 wi th 1 # 3  w i t hn = 1
a = 5/3with

a = -2

- e
+ 7 ? t

f ( t )  =  19 -22 t

F ( S )  =
6 5

5 7 + 2 5

L S ' + 5

+ F i n d  f ( t )
52+25

+ 3 1 "
5*+52

# 7

f I t= 6 cos (5t )  +- sin (5t)
5



# p o ly  n o m i a l s

EX If F(s) = 11/55 Find f(t)

#3: L'(n) =t"

U s e  n = 4

t . e .
4!

4+1S
/ = t "

5 0

= 14.
1"'

Thas...

f ( + )  =  4  + *

4 !

5*41

or f ( * )  =
11

2 4
t "

EX 65-5F ( S )  =
52+7

F i n d .  f ( t )

1 : 1 7

F(S) = 6541751-51

f 4 1 = 6 1 5 7 6 - 5 1 ?
f(t)=6 cos (it) = È sin (UTE)



EX I F  F ( S )  = F ind  f ( t )
s (S+1)

? Recall our partial Fractions from pre-calculus...
into the sum of faces

we can decompose s(511)

i  e .
S (sti) = S S+1

S(SH) : A(StI) + SB
s (5+1)

?  s i n c e  w e  h a v e  t h e  s a m e  d e n o m i a t e

w e  c a n  e q u a t e  t h e  n u m e n t o

powes of "s" on eachside?  T h e n  w e  m a t c h

5 :  0  =  A + B

5 ° :  1  =  A

S o

? Now

s(st i )  - 5+1

1 1 5 6 5 4 ) 7 = 1 4 5 3 - 4 2 5 7 ?
1#2 with a=-1

K#I
= 1 -t

-tf ( t )  =  1 -e*



@ Partial Fractin Decompositions Forms:

(Sta)(s+b)

A
= _

S t a

(sta} (SAb) = sta

s t b

(5'-25-4)8+1)
s t i t

=

(5+1)(53-25-4)2 5+1

( S t a )  + 5s+b

B s + C

5 3 - 2 5 - 4

BS+C DstF
53-25-4- 688-25-475

=
s'(s+1 )

- O R -

(52) (5+1)

5 + 1

A s + B
S t I



EX Cont.) We can now Finish solving
the ODE from our first example

y ' + y = t y (0) =1

L I ]  ?  7 ( 5 )  =
1+52

s' (st1)

( 8

? Lets decompose

1 + 5 °

(53(5+1)
=  A s t B  +  -

s+1

=(As+B)(5+1) +C53
(52(5+1)

? equate Numbaders1 + 5 2  = A s ' + B s t A s t B I C s ?

? equate powers2 ? = A + C ? C = 2

= B + A

= B
? State the decomposition

1+52 -5+1
= _ +

s'.(5+1)? Perform the inrose transfor
(???) 1-1 I(5) =-- 1 +-S SE+

2

s + 1

2

5 + 1

Reverse
Lookup Y(t ) -  1 + t + 2 è t

Testit!.
It works



@ Second derivatives

E X S o l v e

formula
# 3 6

y" +9y= 0 if yco)=1, y'co) =0

1#36

(sI-Syco) -y'co)) +9-7=0
(5 '7 -5 -1 -0 )  +91=0

( i c )  ( 8 2 + 9 )  7 = 5 ? I(s) = 52+9

(is y (8) = 1'' [ICs)}

5 2 + 3 °

y (E) = cos (37)) Sola.



ExT Solve y'+9,=0, y(0) =1, y'(0) =0

this teme

6 1 CODE]?(57-540-10)) 494) =0

5 . 5 =

( i i )

(iii)

Y ( 5 )  = = -

y  ( + )  =

2

y (t) = -£+*+1

# 3  m l  n = a

Solot I.V.P.



EX Solve y"-10y' + 9y=St; y(0) =-1$ y'(0):2

(is 1 Cy"-10y'+9y)= 125+3

5'7-86-11-1217-1055+10.61+98=554
i i )  s o l v e  f o r  I

( 5 1 0 5 + 9 ) 9 5 - 5 + 2 + 1 0 + 5 5

5/52 - 5+12
52-105+9

5-53+125°
5° (5-105+9)

# = - 5 3 + 1 2 5 2 + 5
5 '  (5 -1 (5 -9 )

?  P a r t i a l  F r a c t i o n s

+ -
5 - 9  5 - 1

I =As(5-9)(5-10) +13(5-9)(5-1) +CS 5-1) +D5(5-9)
82(5-9)(5-1)

?  e q u a t e  n u m e r a t o r s :  P i c k  S t r a t e g i c  n u m b e r s

5-53+125' = As(5-9)(5-1) +B(5-9)(5-1) +C(5)(s-1)+Ds (s-9)

05=0: 5-0'712-02=4.0.60-9)(0-1) +BCo-9(0-1 +C-02c0-1+D-02(0-9)

5  =  B ( - 9 ) ( - 1 ) B = 5 / 9

+ 5 = 9 : 5 - 9 + 1 2 - 9 = 4 - 0 + 8 - 0 + 6 - 9 9 9 - 1 + D O

2 4 8 = C  (  6 4 8 ) ? C  =
248
648

=
31
81



?5=1: 5-1'+12.1= A?O+ BO +C?0 + D.I: (1-9)

16 =D (-8) ?  D  =15  ?D=-2 )
QWhat do we do for Ai? 5-0 has been used

A: Pick any number: S=-1

only unknown

5 + 1 + 1 2 = - 2 0 4  +  1 0 0  -

+(-2) (-194-1-9)

6 2 + 2 0
8 1

1 8  5 - 2 0 A  + 9 8 0 - 6 2 + 8 1 - 2 0
8 1

2 4 5 8
1 8 = -  2 0 4 + -

8 1
1000

1 8 - 8 1 - 2 4 5 8  = - 2 0 A A  =

8 1

so the decomposed fraction. is

I ( s )  = 50 /81+-5/9 + 3181
5-9

5 0

10.00

20 .81

2

S -

5 0

8 1

y14 = 59+51+82"-26t



EXl Solve y'- 6y'+15y = 25in (36), y (8) =1, y'(0) -4 13)

()  1 LODE]

( s ' I - s y ( 0 ) - y ' 1 0 1 ) - 6 ( 3 8 - 4 0 0 ) )  + 1 5 8 = 2 .
57+3

( i )  S o l v e  f o r  I : (ylo) ryco) (ylo)

( 5 2 - 6 5 + 1 5 ) 1 = 5 ( - 1 )  + ( - 4 )  - 6 6 1 ) +
6

Ils) = (5+2) 176
5 ' + 9

52+9

(52-65+15)

Y =  ( 5 + 2 ) ( 5 3 - 9 1 + 6
(5+945-65+15)

T s ) = - 3 3 + 2 5 2 - 9 5 + 2 4
(5279) (53-65+15)

? decompose I(s)= Asti Cs+D
53+9 8-65+15

(82+95-65+15)

? equate numerators: {FoIL and Factor out"s" powers)

-5°+25-95+24 =(A+C) 5°+ (-6A +B+D s'+ (15A-GB+9C;
15B+98^



Ex I  con t .

? equate powes

5 3 :  - 1 =  A + C
5 2 :  2 = -  6A+B+D

s ' : - 9 = 1 5 A - 6 B + 9 C

5 °  :  2 4 = 1 5 B + 9 D
4 x 4

- 6  /  0
1 5 - 6 9

1 5  0  9 D 2 4

? Solving yei lds : , B = - 25
10

I see attached pagesy

? Plug A,  BC,  D in to  thedecomposit ion For

I ( S )  = As tB  +  Es+D
5 + 9 53-65+15

NewTechniq 2+9 + To

? complete the square: 5-65+15= (5-3)' +6

](5) = 10(573) 5432)

-  1 1 5 + 2 5

5 2 - 6 5 + 1 5

- 6-33125(5-3)2+56

5(5) = 50(55730 +
5*+3" (5-3) 7562

8
5610

1 6

(8-33÷56



Y (t) = 00(36) 13 sin (3€) -11 = e sin (V6+)

f a m u l e  # 2 0 # 1 9

* So far we have seen two methods used
to determine A, BIG,D... in partial
traction de composition: Full on matrix solnistrategic numbers;

? There is yet a god method that can be
used, refered to as Hearyside', I'E
method! Attached are two examples.

? This method will not produce results on
denominates with st on higher terms
use one of the 1st two methods we discussed.

? Finally one more tomplele the square
approach is presented.



Heavyside Approach
8 6 5 - 7 8

G ( s )  =
(5+3)(5-4255-1)

? ?
G(s)  = 5 + 3  +  5 - 4 + 55-1

Since all denon's are then to power 1, we can use
? Heavysides method ..

865-78
A  = =

(+3)65-4)155-1) 15=-3

86(-31-78

(+3-4) (51-31-1)

-  3 3 6
=

7 ? 1 6
=

B =
8 6 5 - 7 8

(5+3865-47(55-1)
=

5 = 4

86(4)-78

(4+3) (5-4-1)

266

7.19

86-390

C= 865-78 86(5)-78

+3365-4455751 sa(6+3) (5-4)
=

So
53) +21 5-4+1 5-%

6

- 3

1 5 2 0

16?19

= 5

G(5) = -31

9 ( t )  =  - 3  e 3
' s t



Heavyside Approach

H(S) = 5+7
5 ° - 3 5 - 1 0  ,  F i n d  1 ' [ H ]

Note that the denom, factors nicely!

H(S) = 5+7 choices: complete square

(5+2)(5-5) Partial Fractions prefered
Form: 5+7 when youcan factor nicely)

(5+2X5-5) = s t r  ++ 5-5

Use Heavysides Method: 5+7
A = (812)(5-5)

5=-2

(5+2) =0

- 2 + 7

- 2 - 5

5 + 7

= (5+2)(5-5)

5 + 7

= (5+2)
=

5=5

H ( S )  = 1
s + 2

+
5 - 5

5 t



E X

Another Complete The Square Approach,
1 - 3 5

F i n d  f i t l  i f  F ( s )  =
52+85+21

18

cis match denominator; weI need to complete the square

5 2 + 8 5 + 1 2 - 1 +21
magic zero

= ( 5 + %( 5 + 5 1 2 - 4 2 + 2 1

=(5+4) 2+5
Then we ge t

F(5) = 1 - 3 5 1.

S K I P

don't split up yetrimprimature

=

(5+4) +5 (5+4) '75

(il) work on numerators...= 1-3(5+4-4)apply shift in the

(5+4) " +5

n u m e r a t e r .

(5+4)3+5 Now split

= 1 - 3 5 1 4 ) + 1 2
(5+4) ' +155)2

= - 3
s + 4 5 + 4

+  1 3
(8+4) 7(15)° (5+4) 755

F(5) = -3 /5- (-4) 1?55
+13.

(5-(-4)) "+65 (5-6-4)) +652)) Formula


