
6.3 An example ot a regular singular point

Conside the Cauchey-Euler ODE
attached?

4.7 notes

2x y"- xy' + (1+x) y=0
? So here we have a (regular) singular point @x=0

since 2x2 vanisher @X=0 and the y"tem
Vanihes S0... thee would only be one solin to the

Fint under ODE remaing near x=0-things collapse.

see project 5: Cauchey-Euler Problems: let Y=X"
Iwe got a new

? Here We wil l  let
a sing point.

y= X'(Got a, Xt... tanX"f...)
o n e r

y  = A n  X
n=0

then § a n  ( r + n )  X r+h- l

and y "="= Ean(r+n)r+H-1)X

? Insetinto the ODE:
2x2 ?" - Xy' +(1+x) ? =0

?  Z 2  a n ( r e n ( r e n - 1 ) x
ren-2+2

n=0 E a n ( r t h ) X "rth-l+ Z a n x "

h=oh=0
cant reset to n= 2 since prevents vanishing

+ EanXin+r+

n = o



clean up exponents

n =0

+

h = o

E A n ;
n=o

? 5 0

ore-index to match powers;

n t r

« m
+ r + 0

let sm = m

n = 0

u t r

X

n =0 + E a m i X mtr
n  = 0

0

? expand out the Ist sums to match starting pis.

2x a.(r+0)(r+01)x*r- ao(ro) x"*'+ ao X"to
= 0

n=? clean up {eliminate 0%, Collect an and Factor out:

ao L2r(r-1)-r+17x5
= 0

Linear Independent pour terms:
2r (r-1) -r+1=0 ?  2 r ' - 2 r - r + 1 = 0

? 2 2 - 3 r + 1 = 0 factors (r-1) 2r-1)=0
indicial egn".

we see 2 exponents at the singularity"

X*+n

r .  =  1 , 5 2 =

s e e  n e x t  p a g e



r+h 1 :  { 7 = 0  5 0

12(r+n) (r+n-1) - (r+n) +1 Jan tAn-s

? Solve for an Ithe highest index?

a n An-1
Crin(ar+n-1) -(1+1

A n - 1

= 0

z(2z(-3) +1

a n =  - =272-32+1
(2 2-1)(z-1)

N e x t  w e  k h o w  r  = 1  a n d  ? so apply independently...

?  I n s e r t  r , =

An =
an-,

-
{2(1+4) -135144-11

An-ia n = f o r  r = !
Recurssión Relation for r, =1

?  e x p a n d  o u t  a  f e r r  t e r m s . . .

a ,

a z

3 . 1

9 ,
5 ? 2

3 ? 1

a o
= +

(3?5) ? (1.2)

A 3 = -

gensal

7 . 3

an = (-1)"
{3:5.7(2n+1) Jon!

a o
(3.5-7701-2-3)

f o r  r i
Recurssim for r,



?  n o w  i n s e t  r a =

A n - 1

a n  = 8 ( 1 + 4 ) - 1 1 1 6 + 1 1 - 1 3

an-r
An = 4+4-1751+24-277

24 - 1

An - Qn-r
? (24 -1) f o rrecurs ion for  r isk

?  expand  ou t  some te rms

a ,

a .
2 . 3

a .
=+(1?27(1.3)

A 3  =
9 ?

3 ? 5 =. (1.2.3) (113-5)

genesal An
(-1)

n! (1-3.5 (24-119)a . fa- r = 2
recursin

? Simplify: mult. top i buttonby 2.4.6--2n
an = (1)" 2" An =

(-1)"2"
(Zu+/)! (Qn) !

12=12
Qi is not an terr, = 4351527

= 2n!



(5)
Now we re-insert a n - i n t o  t h e  s e r i e s :

J. (x) = E anxioi
out front

(-1) " 2"
y, (x) =00

n=0

X

( R u t i ) !

r =  ? ) -  X
50 (2n)!

? geneal solution tol 2x2y"- xy'+ (1+x) y =0

(x) = C, X* E1"2"

+ C a x %
(-1) "2"

2n) !
determine

6 , 9 C 2

"  N o w  w e  s h o u l d e x a m i n e  C o n v e g e n c e :

r a t i o  t e s t  l i m
n-so

A n t i

a n

< 1  c o n n .
> 1  d i r
= 1  i n c o n c l u s i n - ad

l i m

= l i m

r , =  1

n t i
2

(2(nts) +1) !

2 "

R u t i ) !

Xits

X

=  l i m
? n t /

2

= l i m

2 / x I

(24+2) (24+3)
same results will bed'scovered

(2n+1) !

(2n +3) !

2 (22+1)!
(Qn+3)(2n72) (ZuFT)!

X E (-00,00)



(5)
Now we re- inser t

? = 0

y. (x)=00X2,
n=0

an into the series:

>put x' out front
(1) "2"
(Ru+1)!

v =  ? ) -  ?
h=o ( 2 n ) !

? geneal solutio t o 2x2y"- xy'+ (1+x) y = 0

Ye (x) = CX15612€1"2"

+1"2 determine
+ (2n) !

" Now we should

r a t i o  t e s t  l i m

e x a m i n e  C o n v e g e n c e :

Ant i < 1  c o n t .
>  1  d i r

an = 1  i n c o n c l u s i n

r  = 1

l i m
2

(2(nts) + 1)

2 "

X " t r

= l i m
n->? 2 "

= l i m
n-so

(2u+/) !

(2n +3)!

2 ( 2 2 + 1 ) !

= l i m

n 0 0 0

7 2 5 1 2

2 / x 1
= 011x1

2 4 7 2 )  ( 2 4 1 3 ) S o

same results will be discovered
X  €  ( - 00 ,00 )



4. 7) Cauchey -Euler

Consider a x

§project 55

o We have anissue @x=0

?  = a x  y " ?  a x  y '  t a x  y = 0

? Called a singular point:
Bessletunit

? Applications

(-D:

2-D radial only:

Y'+y=0
51n, 101

Drumhead.

+  y = 0

3-D radial only: Solid
fel la

Bethat
Espherical

* Z a n x " y
souree

(n) = 0 for Nth order ODE
n =0

Zo legure poly.



the ODE: aXe y"Axy' tyso becomes

L. Indep. = 0

Likeacharaceritteen :
auxillery

egn

s ince  x#0

also
called the
Ind ic ia l  Egu .

F o r  x > 0

? three resu l ts :  ( I .I. real distinct
iT- real double
It. imaging

i f y = X w i t h ? t h e n

the gen sol of the obt is just
y (x) = C, X"+ C2X2 use I.C.16

X>0 get c74
I I Double ROOTS r, =5

for const. coeff. we use yeciet a x e

Hoe it can be shown that, via reduction of

y (x) =6X"+CX" In (x)
order

×  > 0



III/ Complex Roots (3)

Tread Ting.

Use Trick: blaca)a ' = e

So then XX EMi = e
Xenx la xi

Euler
torn

= e e

=  x *X* [cos (ulx) t isin (ulax)

o We use both the read ?shy parts to get

the Gen. soln like we did wl Const coefficients:

X > 0
For x<0 w e l e t  1 = - X ,  t h e  n > 0

so define u (4) = y(n)
then c(a) =-y'(x) §u"(n) =y"(x)

the ODE becomes

n o w  l e t  X = M  ?



case

[ I

but this is fIx) = C. (-x)" +C. (-x|"2
real adretiet rout.

compare to × > 0

Combine to get

? Likewise to I I:

x  < 0

X  7 0

X ÷ 0

I I I  ?

X $ 0


