
Chapter 6| Series Solution Method

? When an andlytical methed will not seem
possible, we can try an oo-serier sole.

-OR-wher we want to provide some one with
an analytical polynomial approximation
help till! Find the oo series me thed

? Recall in Cale II we intoduced the Taylu
Series and also the power series as
approximations to tunctions

polynompe approximation about x= Xo
messy tunchn

X.= Xo The approximation only is
valid near x=Xe

? In usly co-series in ODE's we face the
same dilema- wemust stay close to
the point of expansion.



6. is a perieu if CalcII co-series expansies. @

6.2) Using doseries to Solre ODES

I f  7 ( x )Pix/ and F(X) are capable of being

replaced thy a Taylor series about some

point Xo we call ip and lp analtie
and the point to is called an

ordinam point of the ODE
If to is not anclytic it is a singular point

The idea in as series solution to ODE's
is to assumthe solution can be
expanded is an co-senes.

? Form: y (x) = ? an(x-X)"
n=o

expanded: y= ao(x-Xo) +0 (x-x'+a (x-x+a,(x)"
+...

? Diff 't y'= O+@, +292 (x-80) 43056x-x37...

=

n = |



(3
y'=0, +2021x-xol+303 (x-x)) + 494(x-X+ ....

+ . . .
1  -  2

1 = 2

o Inset there in the ODE
? Simplity and establish a recursion relatorsh

particulat do the ODE
P ? ODEgn

f o r

? ant =f(an)
technon relatif

sensolin
linsert an



Solve y'ty=o via a seriessoli
expanded about xo=0

Find the Recursch Relatinship
(is form y  =  §§anx"

n-o

Gid derivaties y'= Enanx"-,n=1 , ?. = n=2

(iti) Into DDE
=+

+ S a n x " =
n = 0

n = 2

(r) group like powers: re-index them align start
m (let m=n-a the n= mtz

+  Z a n x " =
n=o

E .  a n  X "  = 0

n=.

m = 0

let on be replaced by in

Antz (n+2)(n+1)x1
n=o

?  c o n s o l i d a t e  s e r i e s

n = 0

? all coeffients, I' 7, of a powes series set es
t o  z e r o  m u s t  a l s o  b e  z e r o  d i e t  t h e

L ibea r I n



Since Antz  (n+2)(44)  +94=0 (5)

We have our recursion relat ion ship
A n particularto

An+2 = - (n+2) (n+1) y"ty=o

I I ) Build the series
(V) expand the recursin relationship

= a .
N = 0  :

1

1 n = ( :

2 n = 2 .

90+2 (0+2) (0+1)

9 ,
a 3  = -

(1+2)(1+1)

92
a y (2+2)(2+1)

but  we know an

2 . 1

= a ,
3 . 2

4.3 92

43(2710
9 32 n =3 95=--(3+2)(37115 5.4 (32) 9,

n= 4 a6 94
(4+244+1) = t .s l4.3

3 n = 5 95+2 95
15+2X5711 = 7.6

ageneralize terms:

Godd = (n+2)! even

odd = 212+1

(n+2)!

e n  = 2 1 2



ever Azh= a. ,  k=0,1,2,3. .

o d d

(2h) !

= ( 1 2 - a, ,1=0,14""

this process often will notbe
pract ical !

( v i l  b u i l d  s e r i e s .

y  =  d o t  a , x + @ 2 x ) + 9 3 x t
...

2

a .
2 ? 1

a o
4

5-4.3?2-1

" factor out ao and
4.3?2-1
9 ,

y =?.-- aX'.2! 4! -493+-

+ 1 - 31a,x

J=G.11-' 2! + 41.
even

+
+ 3! 5 !

odd



R e c a l l

c o s  ( x )  = 1  - X *
z

- +
4 !

a n d
s i n  ( x )  = X -

k=0
3 !
?.-

6 !

X 5

5
k=2

R =  0

2 k

(212)!

21+1

7 2=0 (2kH)!

T h e n 3

y (X) = Go Cos(x) +9, sin (x) solution

(Vii) Apply the I.C, to determine a.$9,
we will fiel ycos do, y'co)-a,



? co-series i regularly used with
periodie phenomena - oscillatons

we saw that the cosine and sine functor
came out if y "+y=0 egn. cartesian

n=I made (1-8)

1-D: 1. - sin, Cos

ete .
2 /2

2 - D :

2 k

( z h ) !

> urbrations or a
plate

2-P
polar

Bessle Funcha

{(-1 (Ar/4
K = (k!) ~

Jo (Ar) =

Drum Head n=o
vibran:

~ what funct ion
describes this

shape? Bessle!
It is like a sine and cosine but the

?applitude decays as one travels
away from the center.



-EX Solve via do-series
Il Recursia Relationship

( is  form

( i )  d i f f ' t y '  =

(ji) O DE

11- X Y = 0 9

5  a n x

7m = n-2m= m7z
(iv) match power

= 0

m o n t l

n = m - 1

y) match starting index
Our  s ta r t i n Index is hotO so expand 1stsene,

o u t  o n e index  va lue :

X ° :  2 9 , = 0

= 0

A z - 0



o R

=
a n - r

A n + 2  =
(n+2)(n+1)

(0)
Recurian Relan

f u r  y " -xy=o .

I l l  bu i ld  ser ies

(vi) expand.

n  =  2

n  = 3

- . .

n  = 4

1 = 5

n  =  6

n = 7

9 .
A 3 ? (1+2) (171) =

a ,
a y  =(2+27(241) =

a s  =
9 ,

(3+2/3+1)

9 6  = 93
6 . 5

a ,  = 9 4
=

7 . 6

9 8  =  9 5 =  0
8.7
? 6a q  =
8 . 8

9 .

3 . 2

4 . 3

9 =

5 - 4

6 . 5

7 . 6

0 2 = 0

=  0

3 - 2

9 .

4 ? 3

9 . 8

9 0

6 ? 5 . 3 . 2

repeats in three's



? expand the series out a few terms

a group by ao and a.

x " + 1 x ' + . . .
504

p o l y -
nomial

approx.

7 tharder.

NOTEF o r  7 = 0 1 ? × 3 = 0 . 0 0 1
= 0.0001=0.000001 € verall

ve are expanding about Xo=O so the need
to stay close to X = 0

Su a. = y (os . C .
like wise? y'(X) = Ota, + terms with x

a, = y'co)) the other I. C.
summary

let say

6
? t a , / x + -

good near t
x = 0

y (x) =1
y'(0) =1



EX Solve the previon ode but produce an
approx, polyhomial solution that is "good"

near  x= -2 : y" - ??=0

(1). a s s u m e  t h e  f a r m
1=U

n  = 2

@ Modify x :
?

n=2.

118+201

7-29442 2E,(42) =
m = n - z m o n t 0  k

n  =  m t r n  = m - 1

(m+2) (m+1) (X+2)1-Eam. (x+2+2 Ean (x72)' = 0
m=0

?  N o w  p o v e r s  m a t c h !

B u t  t h eStarting indeces dont match- ... expando u t

+96(442) +2 Zan(x+2) = 0



* Facher X"

20, +00 + 2 (name an, +291, (17
n=|

match CHS with RHS
x ° :  2 9 , + 9 , = 0  ?  9 2 = 2 9 .

x": Antz (n+2(nt) = An-i-294
An- Ran,

? An tz (n+2) (n+1)

s a m e  a s  X 0 = 0

n o w
2

due to the

relocation d

the point of
expansion.

* expand out
n =/ a  3  = 9 0 - 2 9 .

3 . 2
=19.

6
) =93

n = 2 9 4  =  9 , - 2 9 2
4 . 3

9 , + 2 ( * = 9 . )
=

1 2

a y  = 9 , 7 9 .
1 2

1 = 3 9 5 = 9 2 - 2 9 3  -  5 2 9 0 ) - 2 1 8  % )
20

a s  = - 902-200 + 293

2 0

95=-5690 +  294
20

= -  5d0+29 ,
120 60



(4)
* Build Series.

y= OutA, (X+2) t9,(X42) +9, (42) 79, (X42)" + ..

?sperate terme into an sa, i §do wered to

1=90/1- (12) + ...
y'= a, @x=2 Wesee that fa; Ye)

let y (2) =- , y'(2) =18 I.C.
Tao a,

Ithis polynomial approximates sola near, X=-2

y 5-1+(X+2) +56442) -12(X+2)
3

good near x=2 only.
a polynomial aprox solnoty"- xy =0 near x=-2



6.2 cont.

S o l v e

y =

@an 1(1-1) 2172
n -

(1+x*) y""+ (2-x)y'+3y=0

"+ x@y"+@y'-xy'+3y=0

anX",  ? annx "

Eann(n-1)Xn-2+2

4 = 2

x = 0

n =  2

n - I p

n = 1 n = 1 n = 0

n  =  m t 2
m = n - I

n  = m t

m= 0 -  § a n n x " + E 3 a n x " = 0
n =0

n =(
? expand starting- index :s

n  =  2

- a i l ? X - E a n n X  +  3 9 0 + 3 0 , x +
n=2

x*(292+20, 7300) +× (693+492-9,+30,)

§3anx"

n = 2



x°: 202+29,+390=0
X' :  693+492-9,+391=0?693+492+29,=0÷2

393+29279, =0

X": (n+3471) antz+2(nt@na+[n(n-s) -n+3/9n=0
n'-n-n+ 3
n2-2n+ 3
(=3/4=1) 3 Prime

Recursion Relator ship
a = = - a . - 2 9 .

a3 =- ?3 - 3 9 2
an+2 =2(nt) anti - (n'-2n+3) an

(n+2)(n+1)

Qi can the bottom relation encompass the individuals

0+2=-2(071) 9o r - (0 -2?0+39 .
(0+2) (071)

n=0
a 2  = - 2 0 1 - 3 0 . = - a , - z a . v

2

n = |
(1+2)  (171)

= - 4 9 2 - 2 0 1
3 . 2

= - 2 9 2 - 0 ,
3

So we can is hose the top two relations:

an+2 ==2(nH) Qut -(n2-2+3) an
(n+2)(n+|)

= - 9 ,

3
3-92



Bui ld  Ser ies  . . .

n=0: a2=-2(041) 90+1-(0'-2-0+3)90
(0+2/(o+1)

(1)

-9.-290

n=1: 93=-2(14) 9141-(13-21+3) 91
(1+2/(111) 5-592

n=2: Cy=2(241)9241-(2°-2-2+3)92
(2+2)(211)

ay=-493-392 =693-94
n= 3: Q342=2(341)9341-(32-2-3 +3)93

(3+2/(3+1)

=-894-6935.4 -594-7693

y = aota, x ta2x t a,x" + ay X" + as X 4...
4th order

y= Gota, x+-9-29)x+3-292x+1-33

Lsa,-Zao

-95-392
==95-3(-a,-300)/



We could continue to inset a3, 9u... relation
in terms of ao da, but if we know the
I. conds, assign got a, Ift then buied
s e r i e s . . .

? Let 1(0) =1 and y'(0) =-1
t h e  a o = 1  a n d  9 ,  = - 1 Seeds

+ 93=9-5925-366=33393

+  9 4 5 - 9 - 9 - 8 1 6 4 - 1 4 9
94=-7/72)

T h e n
y a  a  t a x  + 9 , 7 7 9 , x 3 + 9 4 2 4

= 1 + ( 1 ) x + 1 1 4 7 ( 5 ) x 7 1 7 ) x 4

+ 1 - X - 3 + 2 3 - 7 2 2 4 Boss's
form

Must stay near X=0

desmos saysgood to to.???
need X5 term to determine


