
Add-On HW Eizenvalue Problems

The matrix operation Asy swallows it
and spits out y

11-2+3-1-7)1

2-D (-7) = -2?2 + 4(-7)
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In: (x,y) = (2,-7)
Out: (4,9)-1-19,-32)
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I n p u t  v e c t o r

out put rector
-  2 0

- 3 0



We are interested in input vectors that
produce ontput vectors that are paralled
to the input vedor. There are "Feedback
vectors: problems can hagen in certiar
disipilines -on- optinal success can be had in

negative -or- positive feed back. video
Tacoma Nandia

A X = Y practical engin

7

o We call these vectors "eigenverters"

Tin I Yout
scalling value.

? the scaling value is called the eigenvalue

( each eigen value has its assuciatial eigenvector (3)



Show the rects (311) i an Eiger vert?
of  the  mat r ix  2 -12

1

- 1 2

- 5

= 2-3-121
113-5.1

(3) is the E-recke

1=-2 is the E. valoe
1 -  6

=
3

= - 2

@eisen values and eisen recrs comespond to
reasonance modes in physical system.

EX
2-springs 1 0 1 - 1 8

" e t .

Normally thee is a complicated motion

P e a t

? But there are two modes of oscil lat in whre
the block more i n  s y n

eigen mode de
in sync"

eigen mode twol
oppositely synchronized



Application
? oscillatin of a

rocket

(36

micrometer

n e t

gantry

? Light
pole

empty rocket
Vibrates in wind.

Resmance when drive (push)

Of the natural frequency of
the structure.

eigen mades are

?Tacoma Nanow's Bridge Collapse

r e s o n a n c e  m o d e s .

@

B o t t o n

eigermode(resonance)

OSC.

between
t h e s e

lout through views



Back to the math: we seek any such that Ca

di,

since Ix=×
identity matrix

multiply byII, the RHS:

A X = X I X

subtract

factor
( A - L I )  X = 0

? For non trivial solutions we need the following

det (A-DI)=O , otherwize
the only solution is X=8, the trivial solution

o Def:. det (A-XII) = 0Sis called the characters t i c
polynomial of the matrix

Thim 7.2

Solving the eigen problem has two steps:
I l  So lve for  d :  det  (A- I I I I=0

ohset eachd from 1) and solve fax

(A-AI)x=0, call the rectors n, ni
ODESystems:



E X

of

Find the eigen values and eiger vecters

A = (37)
6

Deigenvalves det (A -I) = 0

d e t  ( ( 3 7 )  - 1 ( 6  1 ) )  = 0

d e t  ( 2 - 1 - 6 - 1 = 0
- 6 - 1

( d e t  ( a d )  = a d - e b y

(2-1)(-6-11-6-11(7) =0
+62=11(6771+7=0

(1-2)(176)+7=0
+2-24164-1277=0
1 + 4 1 - 5 = 0 characteristic polynomich

of the matix 2 7
(2+574-1)  =0 - 1-6

1 ,  =  1 ,1 ,  2 2 = - 5 eisenvalves
o f  A



EX (ont.)

(2 Find the eigenecter for each eigenvalre

1, =1 (IA - 1 II) n =0 where

or Ax=6 2 - 1
(A(6) augmented -6-7

sussem 1=1
I v e c t e r

2 - 1 7

-  6 - 1

7

7

? 7

(63)(n.) =(3)

O back to equations

s c a l a r t

expected

Since we regula ? 1n,+7-42=0

Ma===n.

? Form::the vecter  h i ,

? ,  =
n .

( h a )
Ignore 1.177

since recall f=c,n. et
the no17 into co

=1
7 .

( - 1 /
n .

7

and we will bury



EX kon

next eigenvecters...

12=-5 2- (-5)
-  I

So lve

7(

?

back to egn space

-6-65110)

10)*3)+

3 1 0 7

= 0

- n ,

secon
eigenvector

? Formvecter : 1 2 = (
h. n.

- n

- Summary A = ( 6

a eigenvalve 1,=1 has

? eigeavalue 12=-5 has the eigervector

7
eigenvectos

which isaBasis tordizenspace for

w h i c h  i

Basis fo
eig astar

2 - 7

T e s t  :
2

- 1

5 - 5

6 - 1 + 6

12?1+7-6-1)
1(1) + (-6X-1))

=
- >

5 - 2



Prepeties:

? For A an uxn, det (A-AII) = 0 is
With and polynomic and this has
1 solutions.

? If 1, Me, hn are these eigen valares (repa

1. If t occurs only one time it is a
simple eigen valve.

2. If X occurs k71 times, then it has multip-
living k

3. If do, de. de are saple e. values then
each ot their eigenvectors is Lin. Indep.

4. If t is of multplicity k>1 then t will have
anywhse from I tak Lin. Indy ligenreches.

Then 711 If Anen has an e. value 1

then the set of all e.vect. X together
with o form a subspace ofR", called
the eizenspace



Solve the eizen problem for

O  d e t  ( A - 1 I I )  =
1-1

4/9

12-3479

= 0

= 0

- s)

multiplicity 2

1-3

1%%

? 2 / 3
4/9

2 / 3

=10)

? 0)
?  e f u 3 4 , - 4 2 = 0

? Build e rector
i ,  = n. = z n =  ( 2 )

summary

the eigen vecter for 1, =1,=3 is

n,  = (2)

Only one e vecter for this matrix!!



EX
3X3: A= )

(10)

comper.conjugate

sair Then

double
root

det (A-III) = = 0

root

13-34-2=01 charact. poly.
I f  t  is a rat ional root them i t  has to be

a combination oof factors of p our tactes
+wA+p=0

ratinarosts, if they exist, I factors Pfactorsg
see mymath mantra.com? Diff Egn Ressue

"Finding zsos if polynomials"

1 ,  =2 ,  12= -11 1 3 = - 1

1,=2 Solve

(to be cont.)



1 1 - 2 1 0 1

Form the vector

1 = 2

* - 1

1, -112
1 2 - 1 3 = 0 ?

= 12

1 3 = 1 2

1,=2)



multiplicity?
(IA

(12

- (-1)
? )

n,the th, =0
?

F o r m  7 z - n 2 n 3 two paramates

hos

seperate th is  rector  in to

F a c t o r  o u t  1 ,  $ 1 2

h
? 2

T w o :
n

I w o Lin. Inde
e. vectors to

12,3

Summary 1, =2 n ,  =

n, = 1
12=-1 Lin. Indep



EX Find the eigen values/ vectors for

A  =  4 - 1 )

(3)

O  d e t  ( A - I I )  =  0
-17

-4-1 =  0
2 2 - 1
(4-1)(2-1)-(2X-17) =0
(++4) 1-2)+34=0

1°+21+26=01 charactistic Polynom.

Solve 1=-(2) 112"-461)(26) =-1$51
2.1

e.valves.
1 , = - 1 + 5  i



E X  c o n t . .

(2 Find evectors

- 4 - 12 ( 0 )
x=-1+51

-4- (-115:) -172 2401 0)-1

3+5,

: 2 :

7

3 - 5 1

3 + 5 i

(4)

2

Side work

( 3%
3+51

? = 3+51

=  - 3 4 ( 3 + 5 1 )
9 + 2 5

34

+ (3+51)

+ 6+51)

+ (315:)

3 - 5 1

? - (375i) + (3+5i) =

resulting action



1 5

So the lovector matrix system become,

2 - 17) :)
* In the future.far 2x2 complex e.values

pick either the top or the bottou
and  go  i n t  eqn - to rm.

F o r  u s 3 + 5 ; , Pick Batton
R o w

2 3 - 5 1

24, +3-51) 42=0=21=3=22
Buila vector:

n, = 1-3=112)

?, = -3+5.1
2 conjugate

Property: If con

1,=-1+5i, 5=1-345%

12=-1-51, 52=
3-51 A = / " 2 2



(12,5=-175i) Cont.
B+Si

*(Alternative ), Pick Top RoWAI6)
« Original row 1

thee
3 + 5 i ) 4 ,  + 1 7 1 2 = 0

1 2 = - 1 7 ( 3 1 5 1 ) n ,

n ,
F o r m  n

? (top row)
=

- 1 7

3 + 5 1

- 3 + 5 6
=

(Bottan)
row

17 VS

Q: IS N1
top row

hereparallel"
bot. row

t o usty the bottom row

A: Theyshould bebe scaler multiples of each other;

i s . toprow Both components must
sca le .

TOp now, - 17
- 3+51 - 17 - 3 + 5 0 2 = - 1 1 >  1 = -3+5i

3+512
Nowdoesth
work on Bottom

I s  2 . 1 7

- 3 5 5 i

3 + 5 1

+ 3 4 ( 3 + 5 1 )

3 4
3 + 5 1

- 3 4

- 3 + 5 1

-34 (-3-51
9 + 2 5

3 7 5 i

3+ 5 i

yes!
either row will
yeild the eigentecter!


