
4 . 3 The Fundamental Theorem at Calculus

Thm : "The Fundamental Theorem of Integral Calculus I

If f(x) i a continuous functon on La,b1
the 96x) = ("Felt is also continuous on(913

Integration variable
and is diffsentiable on (a,b)

Further more f ( t )d t  = f (x)
d x
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area = g (x)
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f(x) =X.ExI
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= 0.125
? (1)(1) = 0.5

{ (5) 05) = 9/8
= 1.125

= (2.0) (20) = 2.0



Proof fWe need

? by Def. them
=l in (9 (x+h) - 9 (x))

becomer
= l i m

h t o

=  l i m
hDo

a

X+h

f i t ) d t  -

So

= I r m

h ? 0 h

x+h

f (t)dt|

The Exter  Va lke  The Sa id  tha t  i f  f (x )
is continuous on Cabl then i t  attains

? Introduce
i t s  m a x  a n d  m i n  o n  ( 9 ,  6 )

I and v
L e t  M a n d  i n  b e  t h e  m a x  a n d  m i n  o f  f ( x )

s u c h  t h a t f (n)  = min= m

f ( v )  =  m a x  = ^ 1
x+h

m m . h

showes upper a lower bounds. . .



(proof (cont.)
?  N e x t  S u b s t i t u t e  f o r  m = f ( u )  &  M = f ( v )

x+h
f l t d t  s f ( v ) . h

( 3

X + L
?  h

? But Recall

f ( a ) .  ?

xth
f ieldt is just g (xth) -g(x)

g (xAn) - g (x) <f(v) .

Now in the limit as. get dx
f ( x )  ? ag (x) ? f ( x )

B u t as me sqneeze has we hare? ? ?
likewise as we squeezeh-so behave ?

as "xth" slides
M

over the Mand m f4x5
m

are changing.

a l s o

?Slide the Xth bar
bar

P X
t o w a r d s  x

b a r

X t h

? By the squeeze thm i f t h e

dg (x)=f(x)d x

dx f(t)dt =f(x) Q. E.D



EX di f f ' t 37, de

F.T.C.I
134 dE

X*+1

E X
F i n d . C o s ( 0 )  d o

So

let, y
4 . =
t h e n

du = 4x

.X (4x3)

lookslike

the charle

Cos" (o) d0
4

d x

FTC:I with
"chain Rule d X

chain rule
h (x)

f ( E ) d E  =  f ( x ) .  c h i x
a

Thm F. Thm ofC part II

I f  f ( x )  i s continuous on Carb!

bthen f(x) dx = F(b) - F(a)
a

whise F(x) is the antiderivative of fix

i e , d F(x)-= f(x)
d x



EXTEvaluate S." (4-+)Fedt by finding an

anti-derivative

Find I such that IF 14-X557.
dx

? Distribute dF

Is let F, be suck that dix=4x"2
Try F,= AX" , them d F, =AnX

?match An=4 and 1-1=12
? solve for n ist :  1=4+1 =%
? Solve for A next: A: 3=4 ? A=83

? 5 0 F,  = 8

o .  l e t d x
?  m a t c h  B m = - 1  a n d  m - 1 = ?

a n d  S o  B :  5 = 1  ? B = 3 55
thas x5/25

Together
5/2

F =

Armed with the anti-derivative proceed to
Solve



Now that we have an anti derivati16

W e  s i p  F T C ,  I I
4
(4-+) rEde: = F(4) - F(o))

f(x) "
whose F(X|= 8 x512

So

X = 0

x = 4 .

=(r" -217)5=1560-5007
F(b) F(a)

= 3 - 3 2 5
=64(5=

=  4 - 3 5

= 64 64
=64(5=5)

= 6 4 . 2

1 5

= 1 2 8

1 5

A n s .



EXI Find the area under yesec'x
between O and t/3 sec'(x)

Graph: y = sec (x)

o r  y =
CoS (X)

But we need se? (x), so we square the red cures.

Area: { sec" (x)d x

FTCII we need the antiderivatie of sec ix)

ie. dE
dx = Sec'(x)

51h

Recall from Chat dtanly= sec' (x)

Then seix)dx = tan(3) - tan(o)

= siù (*(3) _ Sin (0)
C5s (8(3) cos (0)

= 5/2-1 =53 8-units



(I Inverse Process

FTCI FTCII (F(x)dx =F(b)-F(a),

undoes integration undoes differentiat

Et Find out where f(1-t%) sin tidt is increasing)

we need to know, where

so whenis (-x')sin" (x) positue (ByFTCI)

? sing(x) is always (4)
?  1 - x ' > 0  =  1 > x " X<-1 or 1>X

(or X'<1) 1<x< 1batx$0

(-1,0) U (0,1)t h e integral

o t h e r i s e

exclude

X = 0

1 - x * = 0

increases when the upper.
limit 5x11X1<1-withX707


