
chapter 4 Integration
Calculur is largely differentiation (rates of

change )

and Interaton (which is accumulation) .

? Diff'n f '

instantanesw Fate of
Change."

? Integration
? be Eccumulate all
values of f1x) in some

in tera l

4. 11 Area and distance

A r s a  u n d e r a  c u r e
,  f (x)

? X

X=A x=b

" Strategy is to break up the region it
vertialstrips and add the shipsup.



? use the
LHS!
pons

Xo x ,  X ,X ,  Xy

AX AX AX AX AX

H . W

Area *S f(x) ?Ax

if concare up LMS ple
will underestate theared.

? Ust the

RHS

points

, if concare up RHeSpts
will overestimate the

a e d

consider y= x*41 divide the regin of C0,11

sno 4 rectangles.

(a) appox usy the RH fetch Rectayle
4x= 14) (1-0)

?.= 0
X, =

4 3

4X3

A  =

f (x) = f(?) =
f(x3) = f(%) = 13/4)

f(xy) = f(1) = 1'+1= 2

47/32

16

Sg un i t s

4

2 0

16
25/6

(17+20128
+ 3 2



(b) now use
W

L.H. points
Ax=14]
f(x)= f(x) = 0'+1 = 1

4 . W

f(x) 417)-(4)+1-76
tt (x3) -f(3) =(g)+1=26

H. WH-W

1 4 + 1 6 4 +
#64 (16717+20425)

= 76:4 39.

S u m m a r y :  R H  p t  ?
47

3 2

? L H p h s , ?  3 92
a c t o r i a l  : + x |

=1 . 4 6 8 7 5

= 1 . 2 1 8 7 5

= = + 1 1.3338
e x a c t

"Hay, lets average RH $ LH results2 aka. the

? are: (42+39)/2
Milpant: Rale

one place

=  8 6 43
2 . 3 2  = 3437532



@ Riemann Sum

To get the exact ared we let Ax ?0

0 0 0

1

Ax=?4

?  I n t e g r a l  D e f :
N

N ? ? 0
n  = 1

x = b

Ax=/10

I = l i m :
? 0

( b - a )

A X

1

{f(x)-Ax

? ? = -
1 0 0

e x a c t .

N= #o f  s t r i ps .

? Notation f(x) dx = lim [ f (x) .  1x
Ax ? 0

integral.
4 . 2

x = ?

a many of co-ly thin straps
0+0707.0

The Mechanies: (Details ) to be discussed soort

Recall
D i f f 'n :  f ( x )  =  l i m

Ax?0

= finite ratio

f(x+1x) -f/x// ?
AX



O we need to review. some sums so teS

can evaluate the Area under Curtes:

From Pre-Calculus: proved by inductor in pre-cale.

12+22+39++.. .  n '  = n(n+1) (an+/)
6

ex sum the squaves of the lI12 intagers

1'+2'1394:41712" = 12(12+1)(2-12+1)
2

= ;
1 2 . 1 3 . 2 5

= 2 6 . 2 5

= 6 0 0 + 2 - 2 5 = < 6 5 0 )

E X

Back to the example but now use "n" strips us. 4.

Then the appox of area using the RHS approach

n= f(X) ?Ax + f(X) Axtort f(xn). Ax

sum of

1 regions

? ? = Xn =

= Xnr n. 1



X; = 1x=

Then f(xi) = Xi+l

become f: = (i) +1

? Rn = f(x) Ax + F(x). Ax + ...

An last stre's

5 0

1 + 2 '  + 3 +

n  ( n + 1 ) ( 2 n + 1 ) / 6
+  n=

n

n (4*1) (2n+1)h = + 1
6 n 3

What about n= 1002 RH pts T

? R100 = 100C 101(20 1) + 1
6.1003.100

= 1.33835

R
4

1=1000
1000

2000(1001(2001) +1=1-3338335
6.10002.1000

N o w  l e t  n = 4

4(441)(2-471)
3 + 1

6 . 4

4 . 5 . 9

6 . 4 2 7

= 4 5 + 9 6
9 6

4 5

9 6

141
1.46815

9 6

as we already
calculated...



@  W h a t  i f  n ?  o
e x a c t  a r e a  i s  l i m  R a

?>0

A  =  l i m
n900 6 h 3

(N  44 )  (24+  1 )=l im
1 ? ?

- La 19) (144)-(214)4+17

= 1.1.2+1
6 e exact auses fo

a many strips
- 6 + 1  =  5 + 1 = 3

The that ared under fix=X'11 fron X=0661
i s 4/3 sf. uniTs



@Gemal proceodures and comments f(x) (8

? Wisth of strips (rectangles)
fur n-rectangls

Ax= b-a
h

? Sub intrale for each strip:

[xo, X,7, [x, Xi3, L72, XoJ, ' , (Xu-inhn)

? locations of the sides of the restangle

Xo Ibeginning = a
-2AX

x , =  a t A x
X . =  a  + 2 1 x

1 -  1 4 1  1 7 X
X .  X z  X 3  " ' s

X.=4 Xn
Xh =  a+nAx

? height = f (x;)
? Aredi = heightj1x =f(xi)-AX

RH Suim: Rn= f(x,) Ax+f(x)Ax.f.-f(xu) Dx
LH SUM -n: f (xo)1x+f(x) Axt ... + f (Xn-)?Ax

Def: The Accumulaton of flx) in the region X-a fo Xeb,

assuming flx) is continuoas, is

A  = l i m R.= l im Ef (x i ) .Ax
n ??0 n=1



Math 211 CW 4a. N a m e -

1. let f(x) = Tx, Estimate the area ton x=0+4

(a )  us t l y  the  RHs  po la ts ,  w i th  n=4  1x1
f(1). Ax + f(2) AX + f(5) 1x +f(4) AX

Ry =N:1 +521+13-1+54-1

?6.146
1234x

(6) usiny the LHS points

34

= 5001+5-1+5:1+13-1

= 4 . 1 4 6

) state an upper and lower bounds for the
exact ans: 4.146 <A < 6.146



? more generally we can evaluate fIx O
in the ith internel at any xit in the
intenal [xi, Xia]

x 3 * 000

@ More sum tools

{  ;  =  n  ( ? ? )

1=1.

E x

570.

Sum the integers from 1 to 100: Euler'smethod

I + 2 + 3 t : :  + 4 8 + 4 9 7 5 0 + 5 1 + 5 2 + - + 9 7 + 9 8 1 9 9 7 9

1 0 0

100

100

1 0 0

1 0 0

S u m  4 9 - 1 0 0 + 5 0 + 1 0 0

4 9 0 0 + 1 5 0

5 0 5 0

5050

5000+50

? Test with sum: 1
100 100 (10011) , 10/00
5 1 =



{
=1

2=n (n+1) (2u+1)

= n (n+) ath
abbLa-bi=1

Recall also
@ c = n . c

Ca: FC Z a :
i =1

i  = 1

* These will be use more extensively in
4.2 and beyond.

w ewill turn to some applications?&



III Distance
Consider a runnerrunning on the (t) x-directin

T .
x = 0 )

V=0 V=2ft/sec V=31+15

They run faster and faster.

Their distance can be estimated it at each
Ax we calculate the spee!

Recall D=V. t ? V= Const.

Distance is Area = distance cokered.

I f  V I cons t ,  f o r  exap le  V t )=  t
then. D= area under the cume

v=t

I Area I base- height

DEÉVE



V. V i

_ A r e a  =  d i s t a n c e .

t ,  t z t i

approx. distance =

tin

E .

3 0

We tabulatefrom the speld of the munt ally determined data

t s 112 124 136/48|601
+V(+)

Vin 30 28 125/2229/221

12243648
60

Q:  Es t ima te  t he  d i s t ance  cove red :

D ã  V ,  A t  + V 2 .  S t  T V 3 :  1 E  t V  A t  t V s  A t

LHS:estimate 30+125+28-125+25-125+22.121+24.12s

= 1548 inches/sec
R H S : =28+125+25-125422-12s+2412st27.125
estimate

= 1512 inches sec

Note since vet) is not monotonic we cagnot estimate



(3)
m o n t o n i c
increasing

I Underestimates

ARHS A < ALMS
eve estimates

ALMS SA CARHS

? Non-montoni

H I H H

overest est.
we cannot use LHS and RHS as

enor bounds...
- we could avrage to get a "better" answer

as this would basically be the
midpoint rule.



Busing agraphat vct) to conute distane
EX

chart of the
speed ofabug (fast!)

( + )
1- Dit

motion

2 3 t  ( s )
S 6

(a) given the above chart, at what time
does the bug revese direction ? V(t)@t=s

(b) after 2 see how far has the bug travelled

d=V?t = area unde came between 082s

d=§base.height
=. (2-05) - (24%)=2ft

E) When (time has the bug reached the starting point,

Hee we need to know when (I area is equal to
( - )  a r e a .

Ax=4b-h= 514-01)-214=4ft.

-A=-2 ft

A_ =26-4=2 (646) 22) - ZEback
t=65

we need anit
-2Ft

= (s


