
Differentials, Incrementals and

Lihear Approximations

El linear approximation

? Some times manipulatly an implicit relation

is tedius, so we can use a lineer approxia-
ation ned the point in question of the
relationship (??, ?.)

m f(x/
? The Set-Up. y,+Ay

?.

X o X o t A x

? some tines its hard to eval. A relatonship
@ XotAx to get yot  Ay

? So we use a lined approximation via
the tangent line

? We estimate by based on the tangent lime
vs. the a tral curve

Applied computational Fluid Dymamies.
- computationally expensive. dy

V=s in2 (????)
ys/n

less computation

2.9



? Tangent Lines:

StoRe

y=mx+bl

fias

f'(a)
f

X = G a t  A x

X = a

use as im =
the slope

as a line.
A X

X - X o
t a

d F(x)

d x
x = d

T o g e t h e

? We may use

y -  f ( a ) =  f ' ( a )
x - a

A y  =  y - f ( a )

Dy = f'(a)
AX

incrementals
T h e

tangent

line
f(x) ~ f'ca) (x-a) + f(a)

y = mn (x-a) + Ja

sAx=x-a

warning: Use near
x = 2 .  N o t  d c i t
too far awdy fom 2



t h e n

let  f (x) = 31+×

d f

(3)

X = 0

then AyAX= 3(170)

-

( a = 0 )

?

< 1;

D. 1

(0 ,1 )

Aya$ (0.1) = 0.033
So if he sl ide over from O to 0.1

the the cures change can be agrox.
as gory from y=1 to 1=170.033=1-033

- compore to exact value

f(0.1) = 31+0.1 =31.1 *1.032

o What is the lined astorination l ine?
(0,1) y =  m x t h Final

1 = 3 x + b
1 = 3 . 0 + 6
b=1

I , h e a r

approx to
= x + 1

31+X

good if we stay close
t o X = 0 .



approx 1 0.95 (4)

3/1+x x=-0.05 near ' " "

we canuse the same epu. of the
Pinea approx.

( J = 3 X + 1

= 3(-0,05) +1

=0.9833 is the approx to
30.95

B T W  :

Exac t :  30 -95=0 .9830

Q:For what regions of
approx. be within $ 0.1

curetarget
- 0.1 < f-Itan < 0.1

-0.1<81+X-(38+1) <0.1
Solve for Xi desmos analysis

-  0 . 7

0 . 0 0 0 1

w i l l  t h e  l i n e d ?

a c c y .
0.1

1 , 2

0 . 1 3 . T - o . 1
-  0 . 1 -

"Xlefe right

F i nd  t hese
n u m b e r s

w h e n

XE {-0,7,1.21

is # 0.1 aci
-  0 . 5



EX F o r

cas for

(a)

y = / X compute by and dy

x=1, and Ax =1
=fvX

Ax=1x = 1 2

y =  f ( X )  =  5 X=  5 X ;  ( A y  = f ( 2 ) - H 1 )
=  5 2  -  5

curve
=0.41421

tangent

line

0.09
difference

tang.
l ine

d y  = 21x
x =

d y  = . .  =
2

(6) let x=1, 1x= 0.01 repeat above. We are muchcloser to 1

Ay= f(1.01) -f/11 =V.01-5=0.00499

X=1 much ale
0.0001



2

Physics: pendulum

? Newton's law I F  =  m a
Tangential Arel'n

tan: -gray sind = m dran. linear accla

Egrav= m.g
But convert linear,

yang-auln

to angular acili (ATanira
x= d0

d t
2 ,  0  -  9 .

Tense

(+)

F.
Tangent

-mgsino

= m g s i n o  I m p d ' t
dt"
Dittsential equation

D=Htime+  gsin 0=0

I f  we can solve this but i t  is  not pret ty;

? Lets approximate sin o
m= (sing)'

sinQ

weed
n o t r e m -

e m b e r  t h i s
P a r t .

T

M a t h  2 1 1

Hole (sinO)' (O-a) + f(a)

5(05 2050 (O-0) +5(0)
6=0

6(0)= 1?0 Near 0=02

sin 0 = 0 forsmallO

Now dets approximate sinox o ODE : 0 = 0

in the Ordinary Differential Es
(Good Near 0=0

Soln:0(4)= A cos (Fft)



? We noticed that lim0?0( a )  s  i n  c h p t  1 .

? The ratio machtahs itself as @ gets smaller
And smaller.

? let f(x) =sin(x)
df
Ix= co(x)

then nearx = 0

finite changes
seinfinitesital

dy changes"

A X

yei lds ?

? ..  ??

r e a l
world

Ay = cos 0.10
× 1

2t y s

t h e o r y
( 0 - 0 )

sind =0

Ex Pythagoras' Thm:

lets Keep the hypotenneus fixed: c=1

then x ' t y ' =1
o Now if we readjust the value of X a small

amount, Ax, by how much does Ay change

Ay
c = 1

Q'By how much
will Ay change ?/Axk grven



Ex (cont.)
? using ditteen tials on the egu:

x ' t y ' = 1 ° w e

implicitly diffrentiate

d(xty= =19)

187

2xdx +2ydy = 0

now d y  = xdx
I solve tor

d y = ( 7 )  d x
The change

y as x
changes



51-0.5°=0.8660Ay
unKhown

Y-0.81

x=0.5000Ax khowm

Q: FindAy given a Ax change.

? Diff ' t Xe ty'=1"

2xdx + Zydy =0 ?
x=0.7 we

change X by Ool, say C=1), them

y changes by - (0.506
0.5006 V0.8660 ((o.1)

1y=-0.0577)
o Then the new

vertical locatn is ã @ y= 0.8660-0.0577.

y=0.80831
BTW:

? excct location. ofo f  y

X ' t y ' = 1

y -VT -(0.500 +0.1)"

y = 0.8000

about 2
decimal plac

a c i y

EX



@Differentials as variables (cont)
lengthet  a  cure (ca lc  I I )

CIn Calc II we find the -  f ( x )
lengthota

cure  by
choppingit
into lots of

small pieces
Then we take
the limit.

a

lensth of came between
x = a  t o  x = b  i s

N
L As

n=l sum up all
segments

? Approximate length...

this

S o t h e
exact

answer

?  Z o o m  i n :

A Sn

ASn, A y
AX

o l e  t a k e  t h e  l i m i t  a s  A X  ? 0

i m

A x = 0  x = a

f ( x )  ? A x

x=b d s

i s

w i t t e n a  s

= =

n  ? 1

the convert

So for are
length

X=a factor ant dy

is called anintegral. You need not Know
I am just showing youor use it until chapter!!, how we use differential!


