
12.51 The Chain Rule

This section addresses the derivative of a

conposite. function, fog

Il The chain rule The Chain Rule)

I f  g is dif t 'ble@x and
f is diff'ble @glas

then f (g(x)) is differentiable at x and

($ (g(x)) = f '(g(x) ? g'(x)

F i n d  f ' ( x )  i f f(x) = cos (sin (x))

d x

= - sih (sih(x)). CoS (X))

*  C h a i n  R u l e  w i t h  t h e  p o w e r  f u n c t i o n

d (u" ,
d X

in liebniz notation

d. g"(x)



[I) Chain Rule applied to basic rules

= n X b u t  i t  t e
d x

r e p l a c e  X  w i t h  U l x )  t h e n
the  r i l e  becomes

d i l l = n u ?  U / X
d X

EX Disserentiate x°+3x*÷1)
312-1

x +32+1 3/2' 3 x*+3x+1 x'+3x*+

Cri:
3

1  ( 7 f a r a

r i e s ,  p o r t i n . r i t t

l i s a  i r i !

le: 407,0 apr 7 0k 11918

a d i  a d y l i s

I o  qua le  i n ! !



Moth 211 CW2C Name

Find (sin (x3))

l e t  1=X I

sou( sin (x*))' = Ein (A))
'X:XFU

? U'

= OS(X-M) =j2'° (x})

c o s  ( x 2 ) . 2 x

Find tan (sin (x) ).

= Sec?' (sin (x)) -(sin (x)?

sec'" (sin (X)) cos (x)
i O ' t

j  i .



Wath z11

F i n d

CW2C Name 4)

sin (x) -cos(x)1

=  c (uv )
d X

v  +  u

=(dsin (x) Io cos(x) + sin (x)/a Cos (xl)

=/d [sin(x)]=ocoS(x) + sin"(x)Esia)}
dx .

2-1
= 2 (sin (x)] asta xt cos (x) - sin3(x)

d x

=25h/x1-cos (x)-cos1x)-sin3(x)

= 2 sin (x) cr5 (x) - sin *(x)



E N

V  =

S o  ( V ) =
2

=

? [(xH)?' : let w= x*1
then (w3) '

=3W'-W'
3/x+112? (I+0)

=3(x+)" (X+1)

=3(X+1)2

? (x-1)| let 5=x"-1

t h e  1 5 ' 7 ' = 2 5 . 5

= 2(x=1)(X21)'
=2 (x21)(2x-0)

2(x*-1)(2x) = 4x(x*=



Ex ContI

plece the quotient rule together

{3(X+13](X21)'-(XH)"4x (x*-1)

(x2-1)".

= (X+1) 15|3(x21) -(x+1) Yx?

(22-1143

= X*1) 3x2-3-4x3-4x.
(x2-1)"

= (X*1) 5-x2-4x-31
(12-1) 3

- X + 1 ' ( x + 3 )
(x7-1) 3



EX Find y'1 it

Quotient
rule

(X+1)

L(X2-1)2

(5)

=

t ' p : 1 . "

" i :  u N . .

P ; ! ! .

(x+1)
(x2-,) = again w/o ufv

this time ...

f g - f g '

((x+1)") (x7-15 -(XH1) '?[(x3-)' J

{(x7-1)312

3(x+1)-(XH15" (<21)" -(X+1) 2(2-1(19)

= (X'-1) "

= 3(XH}: 1 (x=1) -(x+1)2(x=1).2x
(x*-1) "

= (x2-1) (x+1) (3/x4-1) -4 (X+1)x]

(x2-1)4-3

(+1)+ (3X3-3-442-4x]

(x1-1)3

(x+131-72-44-31
(x*-1) 3

=-(x+1) (x+3X(X+1) (x+1) " (x+3)

- (x*-1) 3



Math 211 Class work Week 4 Name
Utilize the previous problems in the hier archy to dining,

If f(X) = sin (3x) Find f'(x) each.

f'= (Sin(3x) = Cos (3x). (3X)' = (Bros(3x)

(3)

3

g(x) = (sin (3x)) F i n d  g ' ( x )

9'= 3 (Sin(3x)) " (Sin(3x)'
3 sin' (3x) a 3 cos (3x)

= 9 sin'(3x) coT (3x)

h (x) = (sin 3x)) +5x h ' ( x ) = ?
h° (x) = (sin° (3x) + 5x) sum rule

(sin' (3x) ' +15x5

9 sin (3x) Cos(3x) +5

(sinx)}

= sin' (x)

I j (x) = [(Sin (3x))'+5x 5 f i n d  i ( x )

= 5 1 1 " €
= 5 [sin' (3x) +5x1 9sin° (3x) Cos (3x) +5)



"proof" of Chain Rule

(i l preliminaries
Ay= f(atAx) - f(a)

A y

define

= - f ' ( a ) Vy differene
<  A X ?

+
atAX

slapes between tangent live and secant line

? Note: limAx? E = lim AX-f'(a)) =f'(a) -f'(a) =0
1x ? 0

? Solve for sy: Ay=f'(a) AX +EAX

(i) consider f compreited with g; f(g(x)).

let u= g(x), diff ble@a
then y=flu), diff ble @ b which is g(a)

Next, use Ay formula from Ci) twice
A u  =Au = g'(a). Ax+E, 1x
sy = -Au + ExAnf'(6+8,714

(??) substitute An into A y

Ay=[5 ' (6)+8719(6)  1xtsAx]
÷AX Ay

AX =f' (6)+82(9'(4) +81)

Cir) take the l imit:
l im = com

Ax >0 but b=g(9)
(b) ? 9(a)

f'(9(a)) a
2 . 5 1 3

n


