
1.8 Cont inui ty
I continuityD e f : f(x) is continuous at "a" if

l im f ( x )  = f ( a )

conterexample

g r a p h :

f ( x )  =
- x ' + 1  f o r  x = 0

f o r  x = 0

l i m  f ( x )  =  1
x ? 0

? x > o - s  x = o t  s a m e

B u t l i m  f ( x )  = 1  i s  n o t  t
x - o

This  func t ion  is  no t  con t inous

f  ( 0 )  wh ich  i s  0

Proving Continuity involoes three steps:

(a) f(a) needs to bedefined at x=a
¿"a" is in f's domain?

(b)  l im f (X)  ex is t .
x ? a

(c) lim**a f(x) = f(a)

part o failed in the opening example.



Def :  f ( x )  i s  d i scon t i huous  a t  x=a  i f

f (x) is not cont inions @x=a

* Types of Discontinuities
cis "Removable": ve can redifine a value

of fex) at X=a so that the Lit approach
is equal to the right hand approach

aka. "Hole discontinuity"
0 5 redifine

Ci) "Infinite" discon tinnity:
These are locations where aretical
asymplote exisists:

(i) ' Tumpdiscontinuity:
lim f ( x )  #  l i m  f ( x )
x -a- x=at

(Iv) Gap"discontinuity f

A function is discontinuons if you needto
lift your pencil while tracing the
graph of the function



Exl Conside the piece wise function (3)

' x =

5/2
f(x) =

2 x - ?

2 x - z

Identify all discontinuities

[-1, 0) U (0, 1)

x=1

X E  ( 1 , % )

Graph

- 1
z

@X=-1 : Jump
@x=0:  In f in i te

@x=1: Jump
@x=%: Hole {removable



@ one-s ided cont inu i ty

Def:  f ix)  is cont ihuous from the r ight

a t  a = a  i f  l i m  f ( x )  = f ( a )
x?at

Def: fIx/ is continuous from the left

@ x = a  i t  l i m

Def: f(x) is continuous on an internal

if it is continous at all inter on point
in the internal

If at a closed boundary at an

edge of the internal AND
if f(x) is one-sided continuous at

that closed boundary
then we include the boundary in

the interval



EX Step function

9 ( x )  =  1 X 1 truncate a decimal numbers
value to the next lowest integer

?f68) =x, 9(x)=IXI
X=-1?5

X = -  0 . 5

- 2 1 - 1

9(05) = 00511
=

2 3 4 g (0) = 108
+-2

I element of 9(1) = 118=1

? Consider (xE [2,3))
9(1.5) = 1158=1
9 (1.5) = 2

I XI is continous from the right

b/c  l im122+181=2 i tse l f

b u t 1x3 is not continuous from the left
b/c l im IXI # 2 itself but rather

x?2-
is egnal to 1

In geneal limlim 91x) does Not exist (DNE)
x?2

since cimx+2-9 (x) # limX=2+9(x)



P r o v e  f ( x ) =

on the interval

XH.x-3) is continuous

(3,00)

6

Key

fam closed
boundary

fun open

a

F o r  a l l  a  > 3 l i m
x ? a

= l i m

x ? a *
x - 3

at the boundary, open, we can push our
"a"' as close to 3 as we desire and

always have l i m = l i n
x?a-

zoon zoom'"class

anovea 3 closer

moto 3

1a 000

newa".

locatho newa"
cath



EX Where  i s  the  func to

f(x)  = s in (x)+Vx-I
In (x)

continuous?

ec losed

(11) domain of sin"(x)
+ 1

domain of Sx-i

domach of la (X)

howess we cannot include x=1 in the domain

of fixl,above, since In(l)=O fre=o
? Weexavive the intessation of all 3 pieces and wesee

that only f(1) would be defined in the
numeater and also in the denominator
but since the denomade is zero at x=1
we need to exclude that pointalso so...

Bottom Line:This function is continions
Nowhere!

BTW: had we multiplied the

*In (x) exitits at XEl, but nowher
Cit is not continuow thee else.



I Properties

If fand of are continuous at x=a

and if "e" is a constant then

fig, f-g S-g, g "Iff) are all
continnous at X=a also {g(a) $0)

EX: all polynomials are continuous on (00, 00

EX : all rational functions are continuous on (0 0)
except where the denominator vanishes

In their respective domains whee the di
the following are continuous

? poly ion i fentions
? root functions
? trig functions:
? Inverse trig functions
? exponential functions

? logarithmic functions



I f  f ( x )  i s  c o n c h n o n s  a t  x = b
a n d  i f  l i mx?a J (x) =6

t h e  l i n  f ( 9 ( 8 ) )  =  f ( b )

E composite, at continuous outer functions y
are continous where defined

Then lim fog = f(6) where g(a) -b

? If g is continuous at X=a and

if f is continuous at gla)
then the composite function fog is
also continuous@x=a



EX e valuate lim
x ? 4

x ° -  1 6

X - 4

In Pre-cale. class we exclude x=4 fin the domain

in calc. l im
x ? 4

(X+4) (X+4)
( - 4 )

= lim In (X+4))
x ? 4°

= In (Xim 744)

= In (474) = la (8) =314(2)



EX"Where is f(x)=sin(x)' Continuow?@

de compose hog h ( )  = N C )
1 g / l - s i n ( )

1

? s ih (x)
(-00,00)

?  5 x
[0,00)

Together

- 20 - Ti TI N X

X ? 0

000

2 %
- 2 5

? To be continuous we need fla) defined
and we need l im f (x)  =  l im f ( x )

x? a suchsthat x?a*
which is f ine for al l  ta 21k< x< 2k4111

fo r  kEE in tegers :  -  2 , -1 ,01 ,2 , . .
a However we can also include the boundaries since

we have one-sided continuity Note
Ik = even alway.

22+1 = odd alwa



Intermediate Value Theorem

Thm: I f  f i x  is  cont inuous on the

closed interal  {9, 5]

then for any number N ELfCA), Fi)

there exists a number "c"€ {9,63
such tha t

f(c) = N f(a) # f(b)

f ( x )
f(b),

pick any
f(a)

b

Math Notation
"element of"

a "boundary
"There exists

" for  a l l "
"such that"

we will find you c

Conditionals

à implies" bi

ifä "then "b"

a ? b
Bi-conditional

a ? b i b ? a
notation:a r b

a" if and only if lo



O Theorem Stracture

? premise 1 § conditions on constants?

? premise 2 §

"

"imply 2 ? conclusion

logically (rand P, and in) ? conclusion

conditions imply

assumptions
(postulates)

. . . .

-



I.V.Thm
again but in "mathe speak"

for f, Co on La, 61,
? IN EL F(a), F(6] ICE(9,53

? f(c)= N

EXI I f  f (1 )  = -5  and  f (3 )  =  +5  does
the have to be an x in 41,33 suck

that  f (x)  =0

5 pick
N =0

you must find me

C  7  f ( c ) = 0

-  5

Q: before we shrolk the IVT is .  the

condition (premise) met?
A: No mention of continuidy! So I can

l i f t  m y  p e n .  5 7
Counter example

N1o... We need not.

h a v e  f ( x ) = O h  t h i s
- 5



X office hours

4 8 .
m  =

M o

l i m

v  ? c -

As voc then El-s 1 and

So the limit is ?0. "undefined"

Desmos ?-?- x? 1-

+(0.9), 860.99), £60.999)..?

49. (a) use numerical. (skip)

1-c ?  0


