
Chanter 4

?  D i f f ' n

Integration {accumulation?

Calculus is largely ditt'n and integratini
are. rate of change

Instantaneous
rate of change

? Integration

f ( x )

E drea under the
curre y= fix/

accumulatia of f(x)

4 . 1 Area and distance

We Approx area
rectangles

12311111

f ( x )

T area = ?

slicity the area into

f(x)
Area x I retaghe



LHS rectangles

I side
haul

X .

A r e a  2

x ,

hoken concared

under -
estimates

areaX2-?3 ?? .. -

f(x; ) ? Ax
1=0

h e i g h t  w i d t h

RHS rectangles
when Concared

over - oR

estimate

a rea

X. X, X4

A r e a  x



Conside y=x°+1. Divide the regio
[0, 1] into 4 rectangles anduse cal the RHS

appoch to appoox area then Cb) the aprsapprach

Graph . Ax= 1/4 = (1= 0) = la- a.
f(x.)= f(o)= 0+7=1%0 N

?t(x): S($) (43+ -V16
1 f(xz) = f(%) = (z) 71€20/16

x. =0 1111 4/4 ? f(x, l - f(}) -(?)° +1 25/16

XE t X? 4 4 . f(xy) = f(4) = (44)+( = 32/16

(a) RHSArea x f(x) Ax + f( x2) Ax +f(xo):Ax tS(x,)?4x

= (16=)(7) + (7x*) +(t5)#) + (*)($)

square units .

(b) LHS
Ára = f(xo) Ax t f(x,) Ax + f(xz)Axt f (x,)Ax

× (tX+) + (EX(*) + (76) (?)+ (7X(})
~ 16 + 17?1 +20.1+25.1

16?4

XI xzX3 39/32sgunits

Tie answer intetior

3%2 < Area <47



Ex/cont

lets areage these two

Q is this a bettrapproximation

Exact answer

(47739/32 43=
32

1.34375

Learn in  4 .2

= So (*° +1)dx

= (*2+*):

= (311) - (%to)

3 = 13333

only one

digit approx

y

2

exact area 4/ sg. units

2



Kiemann Sum

To get the exact ared we let Ax ?0

1

Ax = 14

?  I n t e g r a l  D e f :
N

i m
n =  (

I  =  l i m
Ax ? 0

? f(Xn) . (b-a)N

Ax

{f(x) ?Ax

1  x = -
1 0 0

exact .

N= #of st ips.

(x.+ nAx)

? Notation

integral"

x = b

+ ( x ) d x  =  l i m

x = a

[f(x). Ax

? The mechanics,

4 . 2

00-Of co many of co-ly thin strips
oto+0+ ...

Details, are to be discussed soon.

0/0

Recall

Dit'n: f'(x) = l57=0 f(x40x) - f/x) ?

= finite ratio



* Reviero: Sum fomulas

? From Pre-cale: We showed that by using
proof-by-inductim and other direct methods, that:

n ( n+1)
1+2+3+.. +(n-1 + n =

EX Add 1 to 30 up :

1+2+3t . . . + 30 =
Euler as & kindezatener

30(3+1) = 15. 4-60)

? 100

1+2+3+ . . .  +49+50451+ -  +98+997100

=49.100 +50 +100

= 4900 + 150 =  5 0 5 0

f o rma la :
100(100+1)

2

= 50 ? 101

=(5050)

i = (nH) (2n+1)=

?  1 + 2 ?  + 3 + . . .  +  n
3 / =

=

? Properties: ? Ec = nc

? [cai = c (Ea: )
? [fit g:)
= 2fi + Egi



EX to find an

analytical Frmula for the sum of rectangles

used to approx the area unda f(x) =x*41 from

l e t
a  =  0

let
b= 1 b-aA x =

X, = a+Ax

= 0+/3-9) X2= at 21 x

xz  -  a  +31x

? since a =o and b = 1

Xi = 0 + i (1=°)

xi = 4/n

A  x  =  In n

0  to  1



Ex Kont .

? Now f(xi) becomes (E) +1 since f=x'+1

let Rin be defined as { f ( x ) ? ? ? Riemann
Sum

ther

Rn = f(x) Ax + f(x) Ax + ... + f(x..) Ax + Cx. AA

+ 22 + 1
+ +2+1+

n (nti) (2n+1)/ 6 + n

Rn = n (nH)(2n+1) + 1
6? 3

? Ru = 4(4HX24+) + 1
6?43

= 1S-  +  =
96

1 4 1

9 6

4 7

3 2

the approtination of the
area (RHS) under
f(x) =x*+/ in [o, 1]

? K = 1000(1001)(2001)
10000

6.1000-1000. 1000

= 1 . 3 3 3 8 3 3 5



Tha t  i f
exacta r e a  i sl i m  R a

A  =  l i m
h700

=  l i m

1  ?  ?

"(NHX 214). + 1 )
6 n 3

(1) (ht) (2). + 1)

9

=  1 .  1 .  2 + 1
6

exact auscus fo

ao many strips
= 7 + 1 =  3 + 1 3

The trat zed under f(x)=x'+/ Fron x= 0x1
is 4/3 sg units

Ty

? area =3 sq. units.



D Geneal Definition

?width fAx = b-a b

? Sob intervals (Xo,x,],(??, ? ], [??], [???) ?0 0

? locations :

Xo= a

X, = a+Ax
X 2  = a + 2 / x

? heights

f(xJ) =
f(x,) =
f(x2) =

Xn= a+nAx f( xn) =

? aras f(xi) ?Ax
? RHS Rn= f(xi) Ax +f(X2) Ax+ ... + f(xn) Ax

? LHS Lin =f(x)Ax +f(x,) Ax+ ... + f(xu.) Ax

al n ? 20 R u  ?  L

Exact Area



Applicatio Distance Conered by Runner (

? Consider a runnerrunner runniny in the (t) x-directi

X=0
Vo =0 V  = 2 f t / s v= 3ft /s

? Distance : D = V ? t/

if v changes with time we need to
use approximations, consider the V is t plot

I Area = height - Ax

? 50 farea = Distance covered
Exl A runner acc'lt uniformly: What is
the distance covered during "ramp- up"

38t/s Dist = dred of a "v. vs. t" plot:
= ? (base (hught)

?  t
35

=  3 5 ) (  3 f t / s )  =  4 , 5  f e e t



E X

? Table

the following table records a car's
12)

speed at uniform times. How far has the

car moved ?
At =12 121 2 ,  r

t 0  12 24 36 48 60 Sec

V 30 28 25 22 24 27 m/s

?  P lo t
1speed

30
2 0

10
?  t i m e

1 2  2 4  3 6 48 6 0

? LHS approx = 30(12) + 28(12) + 25(12) + 22(12)

+ 24 (12)
= 1 5 4 8  m

? RHS aproX = 28(12) + 25(12) + 22(12) +24 (12)

+ 27(12)
= 1512 m



uSing a grapha VCt) to consute datane
EX chart ofthe

speed ofabug (fast!)
(+)

12

1- Dim
motion

t  ( s )
3 5 6 7

- 2

-  2

(a) given the above chart, at what time
does the bug revuse direction? (

(b) afta 2 see how far has the bug travelled

d = V?t = area under came between Of 2s

d== base. height
= z ? (2t%) = =(2ft

(E) When (time has the bug reached the starting polit

Hee we need to know when (t) area i3 equal to
(-) ??? .

A+ = ? b?h= ? (4-0.) ?2f = 4ft.

65
- A  =  2 f t

4

= 2b h  =  ?  (6 -48) ( -27)  =  -2back
t= 6 s

we need anit
-2Ft

So sotot= 7s


