
3.4 Limits at 00
? consider a function that appears to approach the line you

f ( x )

L - -  - t i
| f(x) -L|<E

Def lim f(x) =L if we are give

an arbitragily small & then we can
find an increasing x value When

| f(x) - L| ? a
Ex t  l e t  2  =  0 .1  now i f  f ( x )  ?  L  then

you can retum tome an X value so that
f - L  <  0 .  1

next let 250101, then you can find me an
x - value such thal

If - L| <0.01
G

<0 .00000000 .  000000 /



@ L ih i t@ ?0

L e t

properties

l im  f ( x )  =  F

then

lim 9(x) = G

a )  l i m  [ F ? g ]  =  F  =  G

b ) l i m
x ? 0

c )  l i m
* ?00

d ) l i m
X? 0

[ f(x) g(x)] - F ? G

[ f(x)/g(x) = F/ if GTo

e ) l i m
x-s0

f ) Im

§ f(x)]" = E"

These repeat as
x ? - ?0 2l5o

comparison funct ions
(a) lim r = 0  i f  r > o d  r i s  r a t i o n a l #

x ? a
lim = 0 170 fris ratineli



Review of Number classes (types)

.. -3 ,-2 1, 2,3, "'.
Natural Numbers

whole Numbers Treal
Integers

a / b Rational # 2, banenteger. Imaginary

NumbersJ2, I, S5ie, ... Irrational Numbers

real- y + xi Complex Numbers

EX Evaluate the lim of the ratitual function
l i m

4x3 + 3x+1 /x3
, 3

7x3+2x2+x

? Form o t
so since there is no finite l imit

?0
we can't use the Laws on page 2.

? mult ipl ied top t  bottom by
4 x?3 + 3X

l im

X?00 7x3 +  2x°  +*

4 + ?x + ?x3
deg top = 3

deg but =3=  l i m
X??0

lim
x? ?0
lim

7  +  3 +  ? *
(4 + 3x2+ ?x3 ) 4

==
2  +  2 x + 1 x 2



Lim 4x3+ 3x+1
7x" +2x'+x

4/x + 3x3 + ?x4

7 + 2/x2 + ?x3

E X

=  l i m
x  ? 0

=
l i m

X-70

l i m

This happens because deg top < deg bot

lim 4x" + 3x +) '/x*
7x3Hx +x

= l im
7/x + 2/x 2+ /x3

F
G E  = 0  ! !

4here -

Summary: l im

a n d

so  th is  l im i t  i s  undef ind  "  o

P (x)
x ??0 §(x) bn if deg (p) = deg (q)

p(x) = anx* tan, X*+ ... a, x+a.

? lia. E) =0 if deg (P) < deg (7)
? lim1 700(E) = 00 if deg (P) ? deg (g)



? For the case of deg (p) > deg (q)
then the ratio approaches a limit
function, which is the quotient
oF the long division of P(X)g(x)

Nomenclature:
P (x)

Dividend / 7(x)
, 70x) (8(x)+ r(X)

Tremainder
Divisor quotient

l i m

X - D

> (x) =  l  ( x )
§(x).

/ No te l i n 1 ( x )  =  0 0  7
x- Ix

R e c a l l  f r o m  5 t h  g r a d e  :
471 5 2  r  3

9  /  4 7 1
1 4 .  4 5  V

2
- 18

if deg (P) > deg (f)

3

S

Boss's answer
471
9 -  =  5 2 r  3  =

35 2 + =  5 2 / 3
9

we stop
here and

use the quotient as an oblique HA



EX Find the oblique asy my hate ofe
y = 2x5 - 3x" + x° -x*+11x-2

X2+7

Since deg (top) > deg (bottom ) we have an itine Funt,

? he long dinne
?. 102x-1422x3 - 3x2 - 13x + 20

x+ 0x+7) 2x5-3x" +x 3-x"+ 11x - 2
= 2x5+0x4 + 14x3 /

- 3x4 - 13x3-x"
> - (-3×4+0 x" -21x2)

- 13x3 + 20x2+11 x
- + 13x+ 0x2 91x)

20x2+102x - 2
-(20x2 +0x +140)

102? - 142
? So y'  can be rewrit ten to be:

y = 2x3 - 3x°-13x +20 +
102x-142

x2+7

? Desmos

proper
rational

Original y"plotad in ine row expresion!
2 x* - 3x2 - 13x +20 in the Second row



EX S t u d y  y  = 2x*+T
V x4 -4

at I ao

Note that X"_4 approaches X"as x?t?

S o  V x 4 - 4  ?  N x "

T h e n  2 s  x ?  ?  ? y  ?
2 x =

2
= 2

? Techically (justification)
2 x*+1

y = x4-4( 1 x ) use in reverse

]  =
2  +  ? x

?4 - 4
X b/c-

2 + 1x2
1 - 4/x*

2 + 1x2)
X?s 51 - 4/x*

= lim (2+ ?x*)
??? ( ?? - 4/??)

=  3  =  2 1 €

= x2

-  ? ?



Q:what happens near X=O?

? Factor x"- 4 (X* -2)(x*+2)
2x2+1 ?VA

y =

? Pre-SKetch :

8)

x 2 - 2 7 0

~ 1 .4

V A

-  21 - 1 I  N

H A

?  x

? Domain :

?  ske tch  cho i ces :

VA IVA

X " -  4  K O  b /  F # "  7  r e a l

(x - 2)( x2+z) ?0
(+)

x2 - 2€0
x°*2 = x€(-[2, 52))

1  ?

?



? Helpe point @ x=2:
y = 2x2+1 2'+1

J16-2x4-2 >° (+)
X= 2

Wait, not wefull since HA iS (t) also }

But, note that y (2) = V14: 3.7 this i)
above the HA

Th is  t e l l s  me  tha t  we i

if y does NoT crossthe HA

y  =  2

2- 2

if y crosses the HA

- 52

Q: Does the cume cross the HA?
Ai  Set  y=2 and Solve fa X :

2 = 2x*x1 4 = (2x2+1) 3
Vx 4 - 4 x4 - 4

? 4x1 - 4 = 4x+ 4x7+1
= 4x2+5
x ? Real ? No Crossing


