
3.3) Using Derivatives to Determine the
Shapes of cures

What does f' say about f?
IF f'(x) >O thenf is increasing
I f f'(x) <O then f is decreasily

1 8'70

$ ' < 0

The derivative Test!-

Suppose "c" is a critical value. 2
ie. f'(r) =0 - or f'(e) is undefined or

f'( c) DN.E.

Cal If f' changes sisn from (+) ho C-) then
f (c) is a local max. (-)

(b )  I f  f "  changes  f rom ( - )  *  ( t )  the
local max

f  ( c )  i s  a  l o c a l  m i n local
min

( c )  I f  f '  a round  " " "  does  no t
(-).

f' =0
( + )

change signf has me lacal + ) (+)

max or  mr f' = 0



SKetching steps (part 1)

1. Find y- intercept
2. factor Mumrators and Denomihators
3. Find the zeros : set the numerate to zero.
4. Use F'(x) =0 to obtain the critical points .
5. Use number line analysis on f'(x) to locate

increasings Decrasing regiens
i Deterine it itical point are max remier)use a helper point ar tre
Sketch f(x)= x 2+3x -4

(. f(0) = -4 ? y-int is A -4, ic (0, -4)
3.. f(x) = 0 ? x2+3x-4=0 ? (x+4)(x- 1) = 0 ? x=-4,
.. f(x) = (x+4)(x-l)

4. f' (x) = 2x+3 ? x= - 3/2

5 .  f ' - 3/2decreases increasing

6. x= -? is a minimu
7. f1) = 12+3?14 ?

(+) s/gre
( - ) m i n
slope

( 1,0) Eute already Know this?

f (-1) = (1) +3(1) -4 = - 6

8.  Sketch 5

-  3
-  2 -  (

+

2

-  - 5

"a parabola

Note : $'(x)=0 is at

the line t sun for a



Sketch f (x )  =  3  x" .  4x* -12x2+5
ossibilities

3

I I

? ay >0 4 teros 3- zeros 2- zeros

(x)= aux" ta, x" ta, x* ta, x ta.

1 - z e n y

flip all cures upsidorn

Derivatre Test:

I'(x) = 12x* 12x - 24x
? sign analysis - try to factor

= 12(x(x* - x -2)

= 12(x)(x + 1Xx-2)

f ' ( x )  :

( x )  < - ;
( x+  1 )  < -+ - -+

o r

No zeros

-  3

? pregraph:

-  2

- - - -  0 + + + $

3
(

sign of
slopes

m i n
m a x m i n



? Helper points

§critical points : - 1, 0, 27

? f(-1) =3(-1)4- 4(-1) 3- 12(-1) 75 (-1,0)

= 3  +  4 = 12 + 5 =
? f(0) = 3?0"- 4(0) - 12(0) 3+5 = 5-7 (0,5 )
? f(2) = 3-2-4?2'-12.2'55

= 48 - 32 - 48 +5=-27? (2,-27 )

? graph update

-/0*

-  /5

- 2 0

2 5

- 3 0

I V

? Zeros of f(x) =13x"- 4x3- 12x*+5

? number of zeros: n= 4
? number of zeros zeros: 2 or

=  +  (

= 3x4 + 4 x*-  12x2+5

?number of E) zeros is : 1



? rational zaro candidates :
f(n= 3x" -4x"-12x* +5

1 ,3

candidales : $1,51,3? f 5- 1, 1, 5, 5)

synthetie divizion

- 4  3 - 4 - 1 2
- 3 7
- 7 - 5

S

5 -  5

3 5
x °

f(x) = (x-(-1)) (3x -7x2-5x+5)
= (X+1)(3x"-7x°- 5x +5) |

T r y x =-| agamn

- 1  3

3
x 2

- 7
-  3

- 1 0
x '

-  5 -

1 0

5

x  °

- 5

use
reduced

po lyno

f (x) = (x +1)° (3x2-10x+5)|

Just ue the quadratiz farmula:
3x2 -10x +5 =0

x= -(-(0) I E (0) -4(3X5) =10 $540 = 10+ N4.10

2.3 6 6 6



x =

x =

2  5To

ze roes  @ x=1 ,  1 ,  3  -  5 ,  $  +  50
0.7 2.72
0.613

? Final Graph



The second derivatice, f", and shape of s

D e f !  a  c u n e  h a ,  a  c o n c a v e  u p w w a d

por t ion when the curse cups"  up ward
concave

UP

Defi à curve has a concave down
portion when it "cups" Lown

concave
d o w n CC.

C . C .
up

C.C.
u p C .  c .

dow

D e t :

d o w r
d o w n

Inflection points.
f(x) changer concavity @ I. P



& The second deriative test.

? Suppose f"(x) is continuou, at x=c
§ f' (x) = d f(x)dx , f"(x) =dx

(a) If f'(c) =0 and f"(c) >0 then "C" is

a local minimum pconcare up.
- f'(c) = 0

(6) I f  f ' ( c )  =  0  bu t  f " ( c )<O then"  "  i s
a  loca l  maximum f '(c) =0

concave dow

(c) I f f'(c) = 0 and f "(c) =0 then "c" is
neither a max nor min, rather a horizonte
infectin point

S'(c) =0

V downInflection point

? Note 1: when f"(x) =o then & m?y be an
exi strash line in section point, but need not be.



® Note SIf SIf f"(c) =o we have an
inflection pointbut f'Cc) need not be
zero. £'  70bu t  f "=0

UP

I . P .

EX C o n s i d e r  f ( x )  x * + 2 x  -  1 I

(a)what are the critical points?
f'(x) = 3x2 - 2x+2

3x2 - 2x+2 =  ( x X x

3, 1 2, 1
?????) ?? Q: dues 2 13= -2

factor ruties Ai No

3; 1 2, 1
lefties

Q: (3.2=6) = (11) = -2

righties A:

Quad. Fomula: x = - (-2) = (+2)2-4(3(2)
2. 3

= 2 ? 5-20
6

No Real zeros!



Conclusion: No critical points

? Inflection points:
f'(x) = 3x2- 2x+2

50 f" (x) = 6x - 2

= 6x - 2 x= 13

and f(3) = (3) * - (3) +2 (3) - 11

= En 2 + 12 - 11?27

= 1-3415 = 29]

= 281/27 N- 10.41

IP= (3, -221 x (0.33, - 10.41)

? 5 Ketch

I P .

+

2 7

(

2 7 0

2 7

2 9 7
+  3

- 1 9

2 8 1



Ex f(x) = - 2x3+3x*+ 36x

Not Formally following the steps...
f '  (x) = - 6x*+ 6x+36

= - 6x2+ 6x+36 2 ÷ 6

=  *  - x  -  6
2, 3

0  - ( x - 3 ) ( x + = ) x = 3, -2

(ci)
Recall

m a x

f" (x) = - 12 x+6
f" (3)= - 12?3+6 = -18 + 6 < O

f " < 0

m i n

f"(x) >0

f "  ( -2)  = -12(-2)  +6
= 2 4  +  G  > 0

Cüi I. Point. f" (x) =0
f" (x) = - 12x+6

=-  1 2 x + 6

Pre -ske t ch !  Cub i c

x =  - 2

x  =  ?

o R

a, <0
I P

concared
down

? ? ?
x = 3

i s  m i n

9 3  >  0

-  2 3



(iV) f (-2) = - 2(2)' +3 (-2) + 36 (-2) = -44
f (?) = - 2(2) + 3(2) 2 + 36(2) = 185
f (3) = -2(3) +3(3)"+ 36(3) = 81

helpe pts
f(o) = - 2(0)3+3(0) 2+36(0) =0
f(-3) = - 2(-3) +3(-3)°+ 36(-3) = - 27
f (4) = -2(4) + 3(4) 2+ 36(4) = 40

( v )  z e r o s  o f  f ( x )  .
f ( x )  =  -2  x  3+3x*+36x

= - 2x + 3x2+36x
= - x (2x2 - 3x -36)

0 =

6 , 6
9 , 5

7 2

18 2
36, 1

x=- (-3) = 3) (3)=-4(2x-36)
2.2

= 3 + 5297 = 0.75+4,

max

IP (2,372

3+ 59+288
=

0.75-4 ? 4.25-3.25

( 3 , 8 1 )

(4,40)

(3-5294 , 0)
( 0,0 )

(-3,22)
3+52974 ,  0 )

- 2 ,  - 4 4



Sketch f(x) = | +x -t. (13

nt tn anin e x x + x-1
??

(a) Vertical Asymptotes : (Denom = 0)olx=0 VA

(b) Morizontze Asymptote : ceg ontop
Leg on bot.

then THa. Asyupt.= t = 1 y= 1] H.A.

(C) Increase/decrease :

t (  -  x  =  5  ( x - 2 )

# lim analysìs x3 <=-- ,+, +,++,
x-2 <-- 7- ,++5

50 50

b u t

x-2 < + + + + , - - - - l t + t

?  -  X - 2

??????.

×3 < _ = | + + * ,
decreasiny increasug(d) concavity

f "  =  (  -  * e +
2-

= X\N

L -

I . ?

3

( x  - 3 )
Concare

d o w C.c,
UP



(e) assemble sketch

Inflecti
point

c.c. VP
decre

? ? ? -

i n c r e a s

C C.

? Crossin HA? f(x) = 1 and solve :

=  1

s o l v e  X + x - l  = 2

results : x= 1 is the only
crossing of thu HA y=!



EX sketch a possible graph of a continious function
15

tha t  sa t is t ies  I .  $ '<o inf'<0 in xE (-1,1) Jis XK1
IT . f ' > 0  i n 1<x< 2 and -2 <x<-1
III? il 1<|x/<2

f ' =  -1  fo r x >2
ie. 1 x| > 2and for x < - 2

II: f has an inflecompart@ (o, 1)

+ >  X
-  2

two possible
graphs.


