
(L.5/ Limits ot a function

The function f(x) is defined @X=a
If we can calculate f(a).

EX! tan (4) =1 tan (E)= undefined

can is defined@but.not 5.

"It is possible that we cannot evaluate
a functor at x=a but we will se
that as me get closer to x= a we
can see the function's value convrge.

EX open interval at X=a
? We can get closer

and closer but

EX openwall?

a

halF-
????

n e v e r  t o u c h  x = a
ha l f -

way

half-way

1.25
1 0 . 0 a = 0

0 0 0

you never
touchthe
w a l l !



Def, The limit of a function f(x) at x=a

is Lo it, as x approaches a, +(x)
approaches l

x = a

l i m  f ( x )  =  L
x ? a

Unless otherwise
indicated this l imit
must exist from either

s i d e  o f  x = a
-4x

e -  1
EX Estimate the limit as x? 3 for f(x).

= 4 ( 3 )

f ( 3 )  =e = 0 3 3 3 3 3 1 2 8 5
3

Exl Estimate the limit as x?0 (move introm bothsidesof zero l

0 . 1

? 0 1

0 . 0 0 1

-  0 . 0 0 1

- 0 . 0 1

?  (

fo. 1) = rexp6-460-111-1310.1
f(o.0r)=gexp(-4(001)-1710-01
+(0.001) =exp64(0001))-17/0.001

1-4 .918

1 - 4 . 0 8 1

0 4 . 0 0 8

f60.001) =Iexp(-41-0.001)=1j/(0.001)= =3.992

+(0.01)=[exp(-4(-0.01)-17/<-001)= -3.921
flo. is =gexp6-46-011-171-01=5=3.297

$ ? The estimate of Lino f(x) is 1 4.00



Soon wewill into duce the derivative of a

function fix), evaluated at X=a, as

A f y d t f(x)-f(a) ? 0
dx

= l i mx?a x - a

For f(x) to have a l imit as x? a

then we say $ (x), as x?a, must
e g u a l  f ( x )  a s  x ?  a t
X Approaches "'" from the right X Appriches " " from the Left

? X
a

l i m
x ?  a t

a

(+) side l im
x ? a -

Then a two sided limit exists if by detinitio

We have t i m f(x) = l im
x ? a -

f ( x )
x ? a t

or we just say" the limit exist"
? Notationally



I One-sided Limits

?  Le f t - handed  l im i t

?  R H  l i m i t :

?  f  ( 0 ) = - 1

+  ( 3 ) = 1

? (im f(x) = 1
x  ?  0

?  l i m f ( x )  = - 2
x ? 3 -

? Im+=3+7(x1-2

l i m  f ( x ) = L
x  ? á

1

2

- 2 7



1) Infinit Limit i

Here l im
x s á -

f(x) = undefined

pel don' t
l i k e  t h i s  n o t a t i o n

E X l im
x ? %

tan(x) = undefined

- ? : ?

asymptoteExl Vertical Asymptoter (Rational Function)
2-x = deg=1

sketch f(x) =

? Horiz. Asymptote @X=O since dogreetop &deg.bot

? vertical Asymp. @ X=I leven asyap siice (x-JoJ

? Helper point: x=0 $60)=2
x=2 f (2) = 0
x=? f(%) = 6

l i m f ( x )  = ? 0
x ? 1 -

lim*=,+ fix/ =00



@ ODD Asymplotes

T i m  f ( x )  = + 0 0

X?a-

l i m

x ? a t

o r  v i c e - v e r s a

odd asymplate

f ( x ) = - ? 0

l i m f ( x )  = - 0 0
x -  a

l i m  f ( x ) = + 0 0

n = o d d

i l n=odd

denom
(x-a)". :

@ EVEN Asymptotes
l i m F ( x ) = I D
x ? a -

l i m
x ? a +  f ( x ) :



Ex Analyze f: Y=
x2-4 6

x ^ - 2 x - 4 8

del factor (if possible) y=(x-2/x+2).(x-8)(x+6) = x*=4
x2-2x-48

* x * -=0

his steps before graphing:

deg top-deg bot

? vA : x= 8 o d d X = ÷ 6 o d d

? zeos : numerator =0

?  h e l p :x = 0  y  =  0 2 - 4
02-20-48 = +4

lim f = 1

from below.

F = + O
l i m

? - ? - 6 -

limf=l+

f rom
above

- 2 2

l im f=-00
x ? - 6 +

X= -G

C o d d

2

Ask:  Does funct  cross
t h e  H A  y =  1 ?

1  = x * - 4
x2-2X-48

x 2 - 2 x - 4 = x 4 - 4
x = 2 2 1  y e s

x = + 8

odd


