
3.6) Zeros of Polynomials
price

g (t)

?  t i m e

let, S(t) = g(t) - 4

Sell the position when glt)=4
i e .  w h e n  s ( t = 0

There are many models that use poly nomich
and most of the tile people what to khow
Whre the polynomical has zeros

? Objertime in this section is to discover the

zeros (roots) it f(X). ie (ti)-o whore?

How: we use thime to guide us in locating
these zeros; quantity, signs, candidales.



O Tools we need

J u s T a s 1 3 = 6 + 1  ?  6 7 2  o r  6 2

Like wise

multiply by 9(x)

(f(x)=g(x)g(x) +r(x)

? let g(x) = x-d
?  t h eEUx) = (x-d)g (x) +r

the 9.6x) is the bottom live of the synthetic

division of x-d into f(x)

- ( d ) )  f ( x )

g (x)D + r
? 3EX x3+2x+1

x + 1 3

x 3 + 2 X + 1
X+1

*  3 + 2 x + r

3

= 0 1 - x = 1 - x + 3 )  + X +

= (x2-x+3) (x+1) = 2

reduced
polynomial

x2-7+3

*X+1



So f(x) = (x-d) gx)+r for (3
1.  I f  d  is  azero of  f lx l  the r=o

and f(x) = (x-d)g(x) I Partialled Fix 3

2 .  f ( d )  = r
? Next assume X-d is a facter of f(x)

{so f(d) =07
and (f(x) = (x-d.) 9(x))

we then factor g(x) to get 9(X)-(x-e)h(x)
Su f(x) = (x-d)(x-e)h(x)

We the facte h(x) & get h(x)= (xf)jx)

So f(x)= (x-d)(x-e)(x-f) jIx)
we continue this process until flx)is

fu l ly  factored

f(x) = C(x-d)(x-e)xt)... (x-p)
n linean facters.

when fx =0 is desired, then
d ,e ,  f ,,p  are the zeros! !



* Quantity

Q: How many zero does a poly nomial have
A: "n" where the power of the highest form

is "n"' § Fund. Than of Algebral

Q: How many of these zeros are positive?
A: De Cartes rule of signs

Thm Let fW be a polynomich in std. fin

E X

? then the number of sign changed in the
coefficents of f(x) is equal to the
number of positive zeros, less aneventti

" Also the number of sick changes in tw
coetficients o f(X) is equal do tha
number. if negative zeror, less aneveni

let f(x) =4x4 - 2x7+5x+,/
2, or 0

the f(x) = 4x4-2x'-5x11
2 or 0

( + )
roots

( -
r o o t s



O Candidates

Thm "Rational Zeros Theoren

Lef fIx!= anX"+ ...a,X +a.
If the polynomial has rationd zeros,

at the form P/go then fisatackrofa.
and fil a factor of an

? it maybe that thee are no rational zero
ie, complex conjugates, inatione conjugates.

We write the pool of candidates as
I factors of ao

factors of an

write the candidates for rational zeros
of  f ( x )=4x4-2x '  +5x+3

a 0 = 3  ?  f a c t o r s  i f  3 4 1
a n = 4  ?  f a c e s  i f  4 , 2 , 1

so possible ratro al zero candidates de
1 4 2 4 )

In increasiy ande of possible ratimal zeros of f(x):

-3, -3, -1, -3



O Bounds on the zeros

? If the number u" divided into the polynomial
Via synthetic divisio yeild a product line
(bottom) of positive numbers we need not
search for zeros greater than u" Upper-Bound

2  3 11 - 6. -  8
6 34

3  1 7  2 8  4 8  <  a l l  ( + )  n u m b e r s

s o  t h e r e i s  n o  r a t i n e  z e r o  a b o r e  2

? If the number"I" is divided into the polyne
via synthetic division yelds a bottom line
of alternation sign, l" is a lower bound
to the ratioral zero search.

E X - 8 3 1 1 - 6 - 8
-24 104-784

3 - 1 3  9 8 - 7 9 2  a l t e m a t i n
numbes

So we need not search te zeros
less than - 8



EX "Seeking Zeros

Factor pox = 3x2+ 11X-6X-8 N

1. quantity: degree 3 So 3 zeros
2. number of (+) 7905:

pil=3x3+11x2-6x-8 1 (+?.

3. numbrif)zeros :
p-x)=-3x3+11x+6x-8 For

4. Candidate List for rational zeros

a . = 8  ?  8 , 4 , 2 , 1
9 3 = 3 ? 3 , 1

1/ = = 8,4,21

ordered list:
{ - 8 ,  4 ,  9 - 2 3 - 1 - 3 5 3 3 1 3 , 2 5 , 4 , 8 7



5. start the search. Be  m ind  fu l  i f  bounds

?  t r y  2 " 2 /  3 1 1 - 6 - 8
6 3 4  5 6

3  1 7  2 8 (48) = all (7) numbe

#0 So zis an
upperlimit.

?  t r y - 2 " = 2  3  1 1 - 6 - 8
- 6 - 1 0  3 2

3 . 5 - 1 6 2 4
7 0

x3?  t r y - 4
"

-  4 / - 6
4- 1 2

- 1opposite 3 - 2
x

So.p (x) = (x+4)(3x'-x-2)

6. Start all over: Find the zeros 96x)=3x-x-2

Since this is quadratic use the formale
X  =- (-1) = 561)°-4(3)(-2)

2 ( 3 )

Jes + 6' 6 - 5
6

? 1
3

p (x )  =  ( x+4 ) ( x -1 ) x+33

Z e r o s  a r e  - 4 , 1 - 3 - 4 , 3



Exl Fully factor f(x)=x"+2x'-9x'-2x+8

1. N=4 so 4 zeros expected

2. num (+): 2 or O pos. zeros
3. numb-1: +681=84-223-942+2x+8

Zor O neg. teos

4. Candidates: ao = 8,4,2,17 = 84,2
ay = 1

List,
{-8,-4,-2,1,1,2,4,83

5. search:
t r y  1 1 1 1 2 - 9 - 2 8

1 3 - 6 - 8
1 3 - 6 - 8 0 1

x = 1  i s  a

z e r o  s i n c e
remarnder = 0

50 + ( x )  =  ( X - I x ' + 3 2 2 - 6 1 - 8 )

6.  Stant over. . .  but gIX) has the same93=1
a,=8

So keep the same list.



EX (Cont.)

6. (cont.)

t r y  x = 1  a g a i n

9 (x)

3 - 6 -  8
4 - 2

4 - 2 - 1 0  X

t r y  X = - I
3

2

- 6 - 8

- 2

- 8

f(x) = (x-1)(X+1) (x'+2x-8)
I f a c t o r !

(x-2/x+4)

z e r s  a r e 1, -1,2, -4

«  l i n e - l i k e
since

multpelicity
= 1

?  s k e t c h  i t :


