Sec. 10.6 Constant Coefficient Homogeneous Systems (part 3)

Complex eigenvalues
Suppose that Ais an nxn matrix with real entries. Suppose that 4 has a complex eigenvalue

A=a+if

and let the associated eigenvector be
1 1 A
X=Uu+1v
with real vector components uand v . Then the two linearly independent solutions of the homogeneous

r u . .
system ) = Ay are the real and imaginary parts of

e (cos/o’t+isin/3t)(5 +i\1;)

that is,

r I r. r r. i
v, =€ (ucos pt-vsinBt) and y, =e* (usin Bt +vcos ft)

o 4 57w
Ex. Find the general solution of the system y = [5 2] V.

Answer: First, we find the eigenvalues.
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& der (A-2T)=0
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5§ 27\ b —a2)

= O

&) (A-4)(A+2)+25 =0
& AN-ar-8425=0

= (A-1)+16 =0

§}

= A=1%4.0

o R
[)
[

The two eigenvalues form a complex-conjugate pair.



First, we find the eigenvector corresponding to one of the eigenvalues, for example, A =1+4i.
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There are different ways to solve for x; and x,, one possibility would be to use the augmented matrix:

3-4< -5 [ °) Kk, oR, s l-3—t,,£‘| O]
6 _3_114 ; 0 (G Y4 -9 ‘. O

Rzaﬂl(’bftli) 5 -3-44 \'OJ
25 -5(3+444) i ©

0 0

Thus,
3+ 44 ’
mTF =0 D x = A

There are infinitely many ways to get a non-zero eigenvector. A simple choice is x, =5 so x; =3+4i, so
+44 [ 3 4
(21 B L L]
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The real and imaginary parts of this vector are 1,1; = g] and \I; = [g} . The two solution functions are the real

and imaginary parts of
f= 80‘t(¢o$/bf+£:2mﬁt)(&f+éu?
F2 " (wsarrisiane) ([2]#4[1])
S 86( [;]COJ‘VC’ [Z]srm%)J, ;.ge([;]wwu[;]aw%)



Thus,

R 4t -4si 4t
M= Ref{f}= e ([;st% _[zjﬁ;V‘ht):ef'[bu;“J"*sw J

G- Imif] = et [ [3]eset q;]sm)zet[

The general solution is a linear combination of the two solution functions:
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32 c, ¢

5eoSht

J -
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