
Sec.	10.6	Constant	Coefficient	Homogeneous	Systems	(part	3)	

Complex	eigenvalues	

Suppose	that	 A is	an	 n n× 	matrix	with	real	entries.	Suppose	that	 A 	has	a	complex	eigenvalue	

iλ α β= + 	

and	let	the	associated	eigenvector	be	

x u iv= +
r r r 	

with	real	vector	components	ur and	 vr .	Then	the	two	linearly	independent	solutions	of	the	homogeneous	

system		 y A yʹ =
urr 	are	the	real	and	imaginary	parts	of	

( )( )cos sint t i t u iveα β β+ +
r r 	

that	is,	

( )1 cos sint u t v ty eα β β= −
r rr

			and		 ( )2 sin cost u t v ty eα β β= +
r rr

	

	

Ex.	Find	the	general	solution	of	the	system	
4 5
5 2

y y
−⎡ ⎤ʹ = ⎢ ⎥−⎣ ⎦

ur ur
.	

	

Answer:	First,	we	find	the	eigenvalues.	

	

The	two	eigenvalues	form	a	complex-conjugate	pair.	
	 	



First,	we	find	the	eigenvector	corresponding	to	one	of	the	eigenvalues,	for	example,	 1 4iλ = + .	

	

There	are	different	ways	to	solve	for	 1x 	and	 2x ,	one	possibility	would	be	to	use	the	augmented	matrix:	

	

Thus,	

	

There	are	infinitely	many	ways	to	get	a	non-zero	eigenvector.	A	simple	choice	is	 2 5x = 	so	 1 3 4x i= + ,	so	

	

The	real	and	imaginary	parts	of	this	vector	are	 3
5u ⎡ ⎤= ⎢ ⎥⎣ ⎦

r 	and	 4
0v ⎡ ⎤= ⎢ ⎥⎣ ⎦

r .	The	two	solution	functions	are	the	real	

and	imaginary	parts	of:	

	

		 	



Thus,	

	
The	general	solution	is	a	linear	combination	of	the	two	solution	functions:	
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