10.3 Basic Theory of Homogenous Linear Systems
GENERAL SOLUTION FOR HOMOGENEOUS CASE

o We consider the homogeneous linear system
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y(t)=4(1)y(t) (1)

where A(t) is a continuous matrix function of size nxn on an interval (a,b).
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@ Atrivial solution of the system (1) is the zero vector y(t) = 0. Any other solution is nontrivial.
uu  ual wu Ul ua i

@ If y1, ¥,,.. y, arelinearly independent solutions of the system (1) on (a,b), then {yl,y2,...,yn}

is a fundamental set of solutions and this set defines the general solution as:
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where ¢, ¢,, ..., ¢, are arbitrary constants.

Theorem: Consider the homogeneous linear system
u

¥ (1) = A(0)3(0) 2

where A(t) is a continuous matrix function of size nxn on (a,b). The following are equivalent:
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= The general solution to the homogeneous system (1) on (a,b) is y(t) =yt +ete, v,
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o {yl ,y2,...,yn} is a fundamental set of solutions of the homogenous system (1)
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o {yl,yz,...,yn} is linearly independent on (a,b)
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o The Wronskian of {yl,yz,...,yn is nonzero at some point in (a,b).
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The Wronskian of {yl,yz,...,yn} is nonzero at all points in (a,b).
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The Wronskian of a set of n vector functions y,, y,, .., y, is the real-valued function
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GENERAL SOLUTION FOR NONHOMOGENEOUS CASE
w1
Let y, (¢) be a particular solution of the nonhomogeneous system

u, u o

v (£)=A(t)y(t)+ £ (t) (3)
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on some interval / and let {yl,yz,...,yn} be afundamental solution set on / for the corresponding

u
homogeneous system y (¢) = A(t))l;(t). Then every solution of (3) can be written as
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y(t)=yp+clyl+czy2 +...+¢, ),

where ¢, ¢,, ..., ¢, are constants.



Example:

1. The vector functions
2t

u —-e d ur —e_t
= an Yy =
262t e—l
are solutions of the constant coefficient system:
u, -4 37U
y - [ L ] y

on (—00,00).
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a) Verify that the two vector functions are linearly independent. Hint: Compute the Wronskian of {yl,yz}
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b) Write the general solution of the above homogeneous system.
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c) Solve the initial value problem y =[ ) Sly , y(0)=[ l
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Thus,
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Abel’s Formula: Let A(t) be a continuous matrix function of size nxn on an interval (a,b) and let
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Wronskian of these vector functions can be expressed as:

U
,,,yn} be solutions of the homogeneous system (1) on (a,b). Then, for some ¢, in (a,b), the

t }tr(A(s))ds
W (e) =W (ty)exp| [lay(s) +an(s)+...+ay, () ]ds | =W (1 )
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Thus, the Wronskian either has no zeros in (a,b) or it is zero at all points of (a,b).

2. Verify Abel’s formula for the homogeneous system from the previous exercise.

First, determine the trace of the given matrix:
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which corresponds to the result obtained in part a) from previous exercise.



Additional Example

1. Show that the given vector functions: are linearly independent on (—00,00).
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»(1)= , y(1)= e, v (2) = e
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Answer: it suffices to show that the Wronskian determinant is non-zero:
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How do we know that this ensures linear independence? By its definition, linear independence means
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y=antontay;=0 < ¢q=¢=0¢=0
Then,
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A homogeneous system with a nonzero determinant only has a trivial solution, so we must have
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