Sec. 6.7 — Hyperbolic Functions
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Hyperbolic sine: | sinhx = ¢ ¢ Hyperbolic cosine: | coshx = 2e
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Hyperbolic tangent: | tanhx = Hyperbolic cotangent: | cothx =—
cosh x sinh x
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Hyperbolic secant: | sech x = Hyperbolic cosecant: | csch x =—
cosh x sinh x
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e -1 1-

—2x

. e
a) sinhx=——=——
2e 2e
x —Xx 2x —2x
e —e e"—-1 1-e
c) tanhx= —— = = 5
e+e’ e"+1 l+e
2 2e” Qe *
e) secchx=——-=——= -
e +e e +1 1l+e

e +1 B l+e™*

er _1 1_ e—2x

b) coshx=
2e"
d) Cothx_ex+e_x_ezx+1_1+e_2"
e —e”
2
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Useful Hyperbolic Identities

sinh (—x)=—sinhx

cosh(—x) = cosh x
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cosh? x—sinh*x =1

sech? x =1—tanh® x

csch? x =coth? x—1

tanh (—x) = —tanh x
coth(—x)=—cothx
sech (—x) =sech x

csch(—x)=—cschx

sinh (x+ y) =sinh(x)cosh(y)+cosh(x)sinh(y)

cosh(x+ y) = cosh(x)cosh(y)+sinh(x)sinh(y)

sinh (2x) = 2sinh x- cosh x

cosh(2x)= cosh? x +sinh® x = 2sinh®* x +1=2cosh? x —1

coshx+sinhx =e"

coshx—sinhx=¢™"

Derivatives of Hyperbolic Functions

i(sinh x)=cosh x
dx

i(cosh x)=sinhx
dx

i(tanh x)=sech’ x
dx

i(coth x)=—csch’ x
dx

i(sech x)=—sech x-tanh x
dx

i(csch x)=—csch x-coth x
dx




Inverse Hyperbolic Functions

Inverse sinh x

f(x)=sinh™" x
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D, =(-,%) and R, =(—0,%)
sinh™' (sinhx)=x forall x

sinh(sinh'l x)=x for all x

Inverse tanh x

tanh ™' x

tanh™ (tanhx)=x forall x

tanh(tanh‘1 x) =x for xe(-11)

Inverse sech x

Inverse cosh x

f(x)=cosh™ x
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D, =[L,») and R, =[0,
cosh™ (coshx)=x if xe[0,0)
cosh(cosh‘1 x) =x if xe[l,»)
Inverse coth x
f(x)=coth™ x
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D, = (=, ~1)U(1L,)
R, (20U (0)
coth™ (cothx)=x for x e (—,0)U(0,0)
coth(coth*1 x) =x for x e (—o0,-1)U(L,»)

Inverse csch x



f(x)=sech™ x f(x)=csch™ x
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D, =(0,1] D, =(—0,0)U(0,)
R, =[0,0) R, =(-0,0)U(0,)

sech™ (sechx)=x for xe[0,0)

sech (sech"x) =x for xe(0,1]

csch™ (cschx)=x for x e(—o0,0)U(0,)
csch(csch"x) =x for xe(—o0,0)U(0,)

Domain Inverse hyperbolic functions as LOGARITHMS | DERIVATIVES of inverse hyperbolic functions
reR sinh’l)c:ln(x+\/x2 +1) i(sinh_1 x) __
dx x2+1
x>1 coshfllen(x—i-\/x2 —1) —(cosh*1 x) = 21
X x —1
x| <1 tanh ™' x = lln (H_x —(‘[anh’1 x) . :
2 1-x X I-x
|x| >1 coth™ x :lln x—”j —(coth_l x) . 5
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INTEGRALS whose solutions are inverse hyperbolic functions
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More general forms:

du u
I =sinh™' | — |+ C
Ju? +a? (aj

dx _
I — = cosh™ - +C

I du :ltanh_1 “ +C
a

a—-ut a

du 1 a(u
I ——=—coth™| = |+C
a —u- a a

j =——sech ( )+c

a
I du ———csch ( j
|u|\/az+u2 a

J‘ dx
|x| NIES'S

dx
I—zsinh*1x+C , xeR
Vxt +1
dx
I =cosh' x+C x>1
Vx? -1 ’
Ildxz =tanh ' x+C , |x|<1
-Xx
Ildxz =coth' x+C . x>
-Xx
I \/dxizz—sechlyﬁC ,  0<x<l
xV1l—x
=—csch™ x+C |, x#0




